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A harmonious labeling of a graph G of size m is an injective function f : V (G) → Zm

that induces an injective function f ′ : E(G) → Zm defined by f ′(uv) = [f(u) + f(v)]
(mod m). When G is a tree, then f is allowed to repeat one vertex label. We introduce
a new type of graph labeling that combines this well-known concept with that of another,
graph colorings. A proper vertex coloring c : V (G) → Zk is called a harmonious k-coloring
if the induced edge coloring c′ : E(G) → Zk defined by c′(uv) = [c(u) + c(v)] (mod k) is
also proper. The minimum positive integer k for which G has a harmonious k-coloring is
the harmonious chromatic number of G, χh(G). We present our results in this area which
include the harmonious chromatic number of all trees, cycles, and grids.

Keywords: harmonious labeling, proper vertex coloring, proper edge coloring

1


