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Orbits Under Actions of Affine Groups

Frederick Heffman
1 Florida Atlantic University

Algorithmes for studiying the actions of groups of 2ffine transformations

ou the power sets of finite vector spuces are presented and applicsticns
given.

Remarks and Results on Congruent Numbers
at-"Rn:u-aalcl Alter, Thaddeus B. Curtz and K. K. Kubota

University of Kentucky
Lexington, Kentucky 40506

2

An integer a is said to be a congruent number if and only if there exist
positive integer solutions to the system of Diophantine equations

2 2 2
x +ay =z and x.z-ayz:zz. (1)

Since cn2 is a congruent number if and only if ¢ is a congruent number it
suffices to study only square free congruent numbers. In 1915 A. Gérardin
listed all square free congruent numbers ¢ < 100G, for which x < 3722

in Equation (1). This was followed by a note of L. Bastien in which he listed
all 25 square free incongruent numbers < 100, In this Paper, new necessary
and sufficient conditions for a number to congruent are established. Also,
using a computer search, new congruent numbers < 1000 are found and all

known square free congruent numbers < 1000 are exhibited in a table.

A NUMERICAL INVESTIGATION OF
3 THE DIOPHANTINE EQUATION

% N .

B. D. Beach®
H. C. Williams
Oniversity of Manitoba

Several siuwple criteria for determining the solvabilicy
of the Diophantine equation

m x? - Dy - -1

for certain forms of D are presented. From the list of all
values of D (< 106) for which (1) is solvable are eliminated
all values which can be predicted by any of the presented criteria.

A table is presented of the remaining values of D.

Point-symmetric Graphs of Prime Degree and Transitive Permutation Groups
of Prime Degree

Brian Alspach
- 8imon Fraser University

The automorphism group of any point=-symmetriec graph or digraph of prime
order is explicitly determined in terms of its symbol. In addition, given
8 transitive permutation group G of prime degree p, the number of graphs
or diagrams of order p having G as their group is determined.

MINIMAL RA-CYCLE SATURATED GRAFHS

L. Taylor Ollmann
Louisiana State Universlity

Let H be a graph. A graph G 1is H-saturated if G has
no subgraph isomorphic to H but the addition of any new edge to

G ylelds a graph with a subgraph isomorphic to H. G 1is said

to be (E,n)-minimal if )
1) G has n vertices :
2) G is H-saturated I ‘
3) no graph G' with properties 1 and 2 has fewer edges than G.
We characterize the (Kz,g,n) -- minimal graphs for all natural
numbers n apd show that the number of edges in a (1':2,2,n) v

minimal graph is [(3n - 5) /2] for n34 .

Complete Subgraphs of Random Hypergraphs and Bipartite Graphs

J.G. Kalbfleisch, Dept. of Statistics, University of Waterloo

A random graph an is a graph on n 2 1 vertices whose edges are added

randomly and independently, with each of the (g) possible edges having
probability p of inclusion (o < p < 1). Matula [1970] defined the following

random variables:

K = number of d-membered complete subgraphs in an

dop
‘an = largest number of vertices in any complete subgraph of an
He obtained exprcssions for the mean and variance of K, and hence derived .

some interesting results concerning D. In particular, he found that the
distribution of D is highly spiked, and that for n large, D is essentially a

constant.
In the present paper, indicator variables and formulae for the mean and

variauce of a sum are used to simplify the derivation of Matula's results, and
to obtain similar results for complete subgraphs of random hypergraphs and

random bipartite graphs.

Reference: D.W. MATULA [1970], On the complete subgraphs of a randon graph,
Proc. 2od Chapel Hill Conference on Combinatorial Mathematics
and its Applications, 356-369.



COMPUTATION OF THE SOLUTIONS OF

THE DTOPHANTINE EQUATION

xz-Dy‘-l

H. C. Williams
C. R. Zarnke &
University of Manitoba

A description {: given of a computer programme which
can be used to detcrmine all solutions of the Diophantine

equation

(&3 22 et

~

This prograrme determines the fundamental uslt of the ring

Z[/D] by using the céntinued fraction algorithm snd then applies
the criteria of Ljunggren to determine the solutions of (1).

A table of all solutions of (1) is given for various values 2¢ D.

SOME ALGORITHMS FOR SOLVING

xq.E 2 (mod p)

H. C. Williams
University of Manitoba

Some algorithms are presented which can be used to

sclve the congruence
O za (mod p) ,

vhere p and q are primes and a 1s an integer such that

.(P'”fq =1 (wod p) . For the most general of these algorithms,

the nuvber of operations necessary to find x is of order

q3 log p. For some special cases (q = 2, 3, 5), algorithms are

given which require fewer opcrations than the general algorithm.

+ -
On the (m ,n ) connectivity of 3-polytopes

M. D. Plummer
Vanderbilt University

A graph G 1is (m+.n_) connected if given any wmtn points,
ul....,um,vl,...vn, there 1s a path P in G which contains all
the u,'s, but none of the irj 's. We shall obtain all values of m
and n for which the folluwing implication is true: "G 4ia 3-polytopal
(i.e. G 1s a 3-connected planar graph) = G 1sg (m+,n-) connected,”

Furthermore, arbitrarily large counterexamples are provided for each

pair (m,n) for which the 1m"p1.lca|:ion fails,

Brother Juniper

)
ik N
» ; 1 ‘ U A .
2 ; ' : W)
@ Field Enterprises, Inc., 1971 10=t/ J

“—But we just RAN that play, Stupid.”



A RAIDOX GRAPH GIZIZRATOR

/0 ¥Willian W. Kubn .
St. éoseph's College
' hila., Fa. /3
Graphs are generated‘by randomly selecting TS

edges untll all of the vertlces are of the The Numerical Solution of Integral

prescribed desree or no more edpes are avaii- Equations with Deviating Arguments

D. D. COL'AH:“ ¥

able, Trhis could occur if in generstlng a regular F. J. BURKOWSKI e e

graph of degree 2 on n vertices, we arrive at a DEPARTMENT OF COMPUTER SCIENCE DEPARTME| IVERSITY OF WATERLOD
UNIVERSITY OF MANITOBA L e prsh

graph that is regular of desree 2 on n - 1 vertices WINNIPEG, MANITOBA ATERLOO, O3

and has an 1sclated vertex. The theoretical existence of solutions of Fredholm

To solve this problem, sadges already in the - integral equations involving deviating arguments, for example,

5rgph are randoazly selected untll we arrive at an
y(t) = £(t) + Jt Q(s,t,y(g(s)))ds

edge that 1s not incldent to any of the deficlent

vertlces and .ack-of whose end points 1a not
5 i er considers
adjacent to all of the deficlent vertices. For bas only recently received attention. This pap

eack end point the non-adjacent, deficlent vertices various types of problems related to such equations &nd presents

are weighted by the number of edses =issing, and some computational schemes desigoed to yield approximaticns to
one of thesc vertices ls randouly selected to be - . the solutions of such equations.
Jolned to that end point. The process 1s then

repeated until there are no more deficlent

vertices,
% P
On Tutte's Algebraic Approach to /¢ Gudniic Spiiacs and the Hmertesl Solution
// the Theory of Crossing Numbers
of a Differential-Difference Equation
Roy B. Levow "
Florida Atlantic University F.J. BURKOWS.I | G.E.McMASTER %
DEPARTHENT OF COMPUTER SCIENCE
Some historical observations on Tutte's algebraic approach UNIVERSITY OF MANITOBA

to the theory of crossing numbers are presented, along with ob- WINNIPEC, MANITOBA

servations concerning application of the method to testing for
planarity and computing planar crossing numbers. An extension
of the procedure to surfaces of higher genus is also discussed

and cor?esponding resulEs are glveg. & y ing the cumerical solution of a differential-difference equation

This paper pres.entn a fourth-order method for calculat-

with retardaticn, having the form

GRAPH DECOMPOSITION

[
/Z D. D. Cowan L. 0. James* R. G. Staaton y(t) = P<t.y(31(=)>.---.ﬂsn(t)))
University of Manitoba

It has proved very useful for algorithmic purposes to .
where each '1&)5 t for all 1 and for €2t where £, is

be able to represent lists as list structures. Some attenpts have
| the initfal instant. The propagated approximate solutiom is

been made to create an analogous structure for graphs. Ia this
stored as a quintic spline with deficiency three. An error

paper, two types of graph structure are presented, one for directed
’ analysis is also given.
and one for undirected graphs. Alanri‘:hm are presented for find-

ing canonical decompositions of graphsL which allow one to use

similarities in structure of the graph to save memolry. i
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THE LEAST NUMBER OF ED3GE3 FOR CONNZCTED GRAPHS
BHAVING AUTOMORPHISM GRQUP OF ORDEH THHEE

Roberto Frucht; Unlversldad Tecnica Federico
Santa Maria, Valparalso, Chile

Allan Gewirtz; Brooklyn Collage, CUNY |
Brogklyn, N.X. 11210 U-?-A-
*Loula Ve Quintas; Pace College ‘
Eow York, Ne.Y. 10038 UsS.Ae

Let .o(cl;n’ délnc:e the least number of edges
realizuble by a connected greph having'm vertices

and automorpghism group of order three. iIl'. is shown

that: v
undefined for n< 9
15 for n = 9 or 10
16 | form =11
-a(ca;n) =
15 for n = ]2
3k + 1
(k = 47 5. «e0)
n+2 for np =4 3k + 2
15
n for n = 3k (k =6, 7, eca)s

Bernard Eisenbery
Kingsborough Coummunity College C. U. N. Y.

n . nr r n (r)
Let M, () -5( -1) s, N =2 b, A be the chromatic

™l

polynomial of a graph G on N nodes in standard and factorial forms

(x)
respectively, where )\ -)(}.—1) Q\-Z)"""' O\-rﬂ-l). It
is shown that up to sign, Hc (-1) is equal ro the difference

between the number of colorings of G (with color difference)

using an odd number of colors and the number of such colorings using

an even number of colors. An expression for Mg (-2) 1s derived

in terms of Ces the number of colorings with color difference

uging exactly r colors. Lastly, it is shown that Z ay -
i-even

= ag=yMg -1}

i-odd

ON GENERALIZED FRIEZE PATTERNS
by
Cralg M. Cordes end D. P. Roselle;*'
Loulsiana Stete Unilversity

An m-frleze pattern 18 an array of the form

1 (o] -0 O...
Cn 1 Q . 0...
c21 C22 i [« F
C31 C32 (.'33 l... .
€1 Cn2 Cn3 Cpj.  w*
4 Cns1,2 Cnn1, 3 cpﬂ:f 4---
o - 1 Cn+2'3 C_n+2.h“’
0 1 Coig, i+~
[+] 1 e
B . s

]
where the Cu are defined according to the requilrements
that the kxk 'matrix with Ciie in the lower right hand
corner have determinant 1(2<k<m) and the mxz matrix
rith c.lJ in the lower right hand corner have determi-
nant 1 (sz). The perlodicity of these arrays 1s proved

for all m>2.



/5 = On Hypotraceable Graphs . : )

K. B. Reid
L. 5. U.

A graph G 4s traceable if it contalns a spanni ath Reconstructing Infinite Graphs T: Disconnected Graphs
e 20 |

(often called a Hamiltonian path), a path that passes througn
. J.A. Bondy M-

each vertex exactly once. If v 1s a vertex of G, then Uni i F W 1 [} i [ 4
2 niversity o aterloo, ntario, aunada

G-v denotes the subgraph of G obttained from G Dby deleting
R.L. Hemminger

the vertex v and all of.its incident edges. G 1s hypo-
Vanderbilt University, Nashville, Tennessece, U.S5.4A.

traceable 1f G has no spanning path, but G-v has a spanning

path for each vertex v of G. The graph ;7;2 , two vertices In the 1950's S.M. Ulam conjectured that any fimite graph

of order at least three can be recomstructed from its maximal

and no edges, 1s hypotraceanle. No other hypotraceavle graph

is known; the gquestion of existence of another hypotraceable vertex-deleted subgraphs. Formally (writing G, for G-v)

graph is unsolved. In this paper we discuss some necessary Ulam's Conjecture states: let G and H

order at least three such that there 1s a bijection

be finite graphs of

conditions if G 1s hypotracesdle and cublc. A related pro-

blem concerning spanning cycles is also mentloned. Further, 0:V(G)+V(H) with the property

we introduce the notion of edge-saturated graphs (with respegt cv . HO(V) TWE ¥1L, FeRLCl
to spanning paths) and make a conJecture on their structure. Then ¢ & H. -
An affirmltive solution to our conjecture implics the non- : *1his conjecture has aot been proved in general, although
existence of any other hypotraceable graph. it is known to be true for disconnected graphs and trees and

for several other classes of graph.

We here examine more closely Ulam's Conjecture for

infinice graphs. We show that G and H must have the same finite

/ 7 A quadratic lattice algorithm compcrnents, occurring with the same multiplicity. Corcllaries

for minimizing nou-lincar functious of this are that 1if G either has only finite components, or

has scme finitely occurring finite component, then G & H.

Gerald Berman and R.N. Burms
University of Waterloo

A point ¢ = q(f, L) is associated with a real valued function

f of n variables and a geometrical lattice 1 of En such that
2/ Reconstructing Infinite Graphs II: Treces

if £ is a ;:;uadratic form, then £{q) is the minimum of £ . A e
-~ J. A. Bondy and R.L. Hemnminger *

non derivative algorithm is presented for determining gq , which
We prove Ulam's conjecture for m-coherent locally finite trees 1f m is finlte

when combined with the lattice approximation technique yields an

and greater than one.
effective method for approximating the minimum value of a unimodal
function, provided the number of variables is not too large. Quadratic

convergence is proved, and convergence is assured even for the example

described by Zangwill which does not converge by Powell's method.



A SURVEY OF CERTAIN BALANCED

INCOMPLETE BLOCK DESIGNS
R. A. Kingsley™
R. G. Stanton
University of Manitoba

A varlety of methods for constructing balanced incomplete
block designs with parameters (3¢, 15, 6), (5, 12, 3), and
(56, .11, 2) are described. Partial results on isomorphisms among
the designs are presented.

INTERPOLATION SYSTEMS

E. J. Cockayne ¥ S. T. Hedetniemi
: University of Iowa
University of Victoria University of Virginia

_Let A be a finite set, let P be a property associated with .
subsets of A and let Q be a binary relation defined on the power

sert of A. A partition 7w = {Al,Az.....Ak} of A, of oxrder k, is

complete if every block Ai of ™ has propercy P and every pair

A A of distinct blocks of 7 stand ia the relation Q.. 1Inm this

177
diti whict hat
etermine conditions oa P and Q which will guarantee U
b and n, then for every

{f a gset A has cowmplete partitions of orders m
k, m < k <n, A has a complete partition of order k.

Maximal Refinement of a Matroid.

D.T. Bean
York University

The circuit axioms are used to define a matroid. A
refinement of a matroid % on a set E is a matroid
7 - on the same set with Che property that each atom of 7%
is an atom of 7. A simple condition is given which ensures
the existence of a proper maximal refinement 7 of 7
and the atoms of 7+ are explicitly determined. The geometric
lattice of 7 is the truncation lattice of the geometric

lattice of 7.

ON THE CHROMATIC NUMBER OF CERTAIN 2-COMPLEXES
by

Paul C. Kainen
Case Western Reserve University

Let K be any 2-dimensional simplicial complex and let G(K}
denote the collection of all finfite simple graphs which can be piecewise-
linearly embedded in K. The chromatic number of K, X(K), 1s defined to be

sup Xx(G) » )
¢ € G(K)

where X(G) denotes the qtdiﬁary chromatic number t;f a‘graph. It is éasy to
see that 1f K 1is non-vompact, X(K). may be Lnfl‘.ni't;e, so we shall deall only
witk finite (i.e., compact) complexes K. K 4s a quasi-manifold if every
poirt has a neighborhood hemeomorphic to the Euclidean plane or to a disjoint
unicn of planes with their origins identified. Tf :E is a compact quasi-
wanifold, v(K) denotes ;

max min &(v)
¢ € G(K) v € V(G)

where V(G) 1is the set of vertices of G and &(v) = degree of v. For
example, v(52) = 5. We define another imvariant H(K) to be the maximun
order of any complete graph which belongs to G(K). _ The follewing thearem is
then obtained., Thecrem. If v(K) = p(K), then X(K) = v(K). Corollary. If
w(K) = p(K), then X(K) = v(K). This includes a con_‘]ectu’?a of Rlngel that the
chromatic number of a sphere in which two points have been identified lj..s

precisely 5.



Pormutation profiles and Euler numbers,

Dominique Foata
University of Florida

Let G:'z denote the set of all permutations @ of the set
[»] = g1, «e-p, n} euch that (1) = n and let d,d,m,n
be foar J.nde‘temm,ltcs. To each ¢ in (;." (nx>2) is

attached a monomial V(T) = v1v?...v whex‘e for any J = 1,..4n

at

"j = if a(3) >a(i-1) , 5(j+1) (vy convention
G{C) = 0(n) end aln+i) = (1) )

vy=d if g(3-1) > a(3) > a(3+1)
=m if ¢(j) <a(3-1) , a{3+1)
=m if o(j-1) < a(j) <(j+1)

The polymomials V,_(d,d4,T,m) = I~ §v(c) =¢EG£1} (n>2) navs
the following properties : o

(1) vn(-t,t,1,1) =t An_.l(t) where A (t) is the
(n-1)=st ZFulerian polynomial ; L

(ii) There exist ncm.negc.t:ve integers d such that
v (3,3,3 P n-2k o,k
o(da,m,n) = T~ {2 x (@ )% (a+m) : 0<2ksn} ;

(1ii) The integer :1 =7 dn r (@22) is the coeffi-
cient of un-1/(n-1)' in the expa ansion of sec u + tan u .
Accordingly property (111) involves a new refinement of secant;
and tanment numbers, which can be inter rpreted combinatorially
by using an abstract model called the André complex.

.27

A SOLUTION OF A DIFFERENTIAL - DIFFERENCE EQUATION

L. Billard University of Waterloo
The probabilities of a general stochastic epidemic model are obtained
as recursive solutions of a differential difference equation. By an
approprlate partitioning of the associated matrix of coefficients? it is
Further, similar-

shown that the probabilities consist of factorial terms.

ities between certain probabilities become evident.

28

29

p "
NAHES AND ALIASES OF GRAPHS

John P, Dolch
Computer Science Department
Unlversity of lowa
lowa City, lowa

This paper presents a computer method of obtaining 2
“NAME' for an arbitrary unlabelled, undirected graph based
upon tha concept of "the flat of a graph", uhich is simply
2 string of digits.

Although flattening a graph was originally derived
as a moethod for computer manipulation of complex structures,
this linear specification turned out to be an extremely
convenient "short=hand' for human use, since anyone can
readily construct "by hand'' an ALIAS of a given graph. To
determine from a given ALIAS the particular canonical form
that is the NAME of the graph is, in general, a problem
requiring a computer,

Since all undirected graphs can be assigned unique

. NAMES, it is possible to lexicographically order all such

graphs, two graphs can be proven to be isomorphic by simply
showing that they have the same NAME; the presence of an
Hamiltonian path or cycle is always indicated by ‘the NAME;
and this coding scheme provides a realistic computer method
of generating all NAMES of graphs for a relatlvgiy large
gliven m.mber of points, 2

An Analysis by Simulation of
Hashing Function Performance
by

R.J. Collens“and P.H. Lirksen

University of Manitoba
The authors present performance results .on three
classes of hashing functions. The method usea is
to simulate activity in a symbol table for several
cdifferent load factors for each class of hashing ’
function. Performance is shown to primarily de-
pend on the collision resolution technique used
and on the statistical distribution of names used
for entry into the table. Performance is affe.ctedl
to a lesser extent by the hashing function. Two
resolution methods show relatively little perform-
ance degradation even with nearly full tables and '

highly clustered input distribution.



O On the Existence of Room Designs of Side 8s + 5

J.D. Horton, R.C. Mullin, P.J. Schellenberg*
University of Waterloo

A construction for Room designs of side 8s + 5 ,
s > 0 , is established. It is then shown that for any value
s > 0 , either the construction can be applied or a Room

design of slide 8s + 5 can be shown to exist by other constructions.

3/ ; Asymptotic Behaviour of (r, A)-Systems
4 R. €. Mullin and - B. Gardner

University of Waterloo

A.n (r, \)-system is a finite set V of objecl;s, whose elements
are distributed into subsets called blocks, such that every pair of
distinct elements occurs in precisely A blocks, and every element
occurs in precisely r blocks. With any such design one can associate
the triple of integers (v, T, A) , where [V] = v . We investigate
the pature of the designs obtained for large values of ome of these
parameters when the other two are kept fixed. The main result obtained
is that given fixed r and A, r > A >0 I, for sufficiently large v ,
every block of an (r, A)-system has cardinality either 1 or‘ v . The

implications of this and some related bounds are discussed.

32 Partially Closed Praids

. R. S. D. Thomas
University of Manitoba

Objects of combinatorial topology clesely related to closed
braids will be defined. These objects are equivalence classes
of braids. It will be shown that each of these classes has a
unique representation easily obtainable by am algorithm that
makes use of the braild combing described at the Second i.nuiaiana

Conference.

33 ; Some Fxplicit Error Bounds
b " for Polvnomial Splines of Udd Order

defined on a Uniform Set of Knots

E. L. ALBASINY

Division of Numerical Analysis and Cozputing, Natiomal Physical
®
Laboratories. W. D. HOSKINS

Department of Computer Science, University of ‘Manitoba.

The method of defining splines in terms of éven
_derivatives derived Albasiny and Hoskins {1971), facil.il:ates,
in this paper, the development of theoretical explicit error
bo@ds for the even derivativas of splines of any odd. order.
The corresponding bounds for the odd derivatives can .'be )

subscqueatly obtained from the bounds for the even derivatives.

34— " USING GRAPH PRODUCTS TO CONSTRUCT ASSOCIATION SGHEMES, OR

PLUS CA CHANGE PLUS CA LA MAME CHOSE
» .

M. Doob
University of Manitoba

Two class association schemes are identical in concept with
strongly regulnr‘graphs, and hence it seems plausible that the Cartesian
product of graphs might result in new higher class assé;iation schemes
using the graph theoretic distance between vertices to determine
association classes. MNecessary and sufficient conditions will be
given for chis possibility to be realized &s well as examples of new
agsociaticn schemes and partially balanced designs that result from

these products.



:3 f} . DIFFERENTIAL OPERATORS OVER GRAPH-LATTICES

Charles C. Cadogan
University of the West Indies

Differential operators are derived and
. applied to counting polynomials over the elements
- of graph-létcices. which set up relations between
the numbers of general graphs and multigraphs.
‘The-opera:ors are applied in the first instance
to cubic unlabelled graphs and later to graphs
on trivalent as well as monovalent nodes of
- different kinds (colors). The paper ends with a
: section on the generalised operators which canm
- be used to obtain results on multigraphs with a

_given parctition.

é; GRAPH THEQRY AND THE EXISTENCE
CONJECTURES FOR BLOCK DESTIGHNS

Jane ¥. Di Paola, Florida Atlantic University

In a previous work (J. Comb., Th. 1(1966) 132-148)
the author gave a g“aph theoretic interp"etqtlon te the
existence problem for blaock designs by showing that the
internal stability number of 2 b‘nOHLal coefficient graph
is determined by the existence of a block meqign with
specified paramecters, The general preblem of determin-
ing the internal stability rumber of biromial coefficient
grapns is now discussed in the light of recent work by
Hanani, Ray-Chaudhuri and Wilson on the existence con-
jectures for block designs.
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37 5 - The Minimal 2-Coloraticen Problem

Frank Q. Hadlock
Flerida Atlantic University

We consider the problem of 2-coloring the vertices of a graph so as
to minimize the number of edges with end points colored the same. Various
formulations of the problem are posed. A heuristic scheme is described
along with several algorithms for the special case when the graph is planart.
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Spitzex's Formula for NonﬁCommutative;Algcbras

J.M. Treeman
Florida Atlantic University

Spitzer's formula eguates the obvious iterative solution
of the oquatlon x = 14T (ax) to a solution of ‘expenential form.
Here - T 1is a Baxter operator on an algebra. Several appreaclhes
have been used in deriving this (Atkinson, Baxter, Rota), but
all have cepended on the assumption that the.underlying algebra
be commutative.

We present the Spitzer formula in form valid for non-
conmutative algebras, and indicate some applications.

Brother Juniper
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“Say, what are you programming this computer with?”






