Algebra Qualifier Exam January 5, 2024

Notation: Z is the ring of integers, Z/n the ring of integers modulo the ideal generated by
n, Q the field of rational numbers.
Convention: A ring always has an identity element.

(1) Suppose a group G contains subgroups A and B such that A C B C G. In this context,
each of the following statements is true or false. If true, present a proof. If false,
exhibit a counterexample.

(a) If A is normal in G, then A is normal in B.

(b) If A is normal in B and B is normal in G, then A is normal in G.

(¢) If Bis normal in G and A = B’ is the commutator subgroup of B, then A is normal
in G.

(d) If Bis normal in G and A = Z(B) is the center of B, then A is normal in G.

(e) If A is normal in G, then B is normal in G.

(2) Let G = (a) be a finite cyclic group of order n. Find necessary and sufficient conditions
on n such that the following statement is true.

If H and K are subgroups of G, then H UK is a subgroup of G.

(3) Letn=5-7-71 = 2485.
(a) Give an example of a simple group of order n, or prove that none exists.
(b) Show how to construct two nonisomorphic nonabelian groups of order n each of
which is a semidirect product of two cyclic groups.

(4) Let f(x) =x' + 11x —22, where t > 2 is an integer. Show that f is irreducible in Q[x].
Let F = Q[x]/(f). If t = 2, determine the group of automorphisms Autg (F). If 7 is an
odd integer, determine Autg (F).

(5) In the polynomial ring Z/4[x], denote by (2x,x> —2) the ideal generated by 2x and
x? — 2. Let R be the factor ring Z/4[x]/(2x,x> —2). Determine the following:
(a) The order of R.
(b) The characteristic of R.
(c) The nil radical of R (the set of all nilpotent elements). Call this ideal J.
(d) The invariants of the following three abelian groups: (R,+), (J,+), and R*, the
group of units of R.

(6) Prove one of the following statements.

(a) Let R be a ring and [ a proper left ideal in R. Assume the additive abelian group
(I,+) is cyclic of order 2. Then R contains a maximal two-sided ideal m such that
the quotient ring R/m is isomorphic to the field Z /2.

(b) Let R be aring and I a proper left ideal in R. Assume the additive abelian group
(I,+) is cyclic, isomorphic to (Z/n,+), where n = 0 is allowed. Then R contains
a two-sided ideal A such that the quotient ring R/A is isomorphic to the ring Z /n.

(c) Let k be a field, A a k-algebra and [ a proper left ideal in A. Assume as a vector
space over k that dimy (/) = 1. Then A contains a maximal two-sided ideal m such
that the quotient ring A /m is isomorphic to the field k.



Algebra Qualifier Exam August 18, 2023

Instructions: Do any five of the following six items. By assumption, a ring always con-
tains a unit element. Notation: Z denotes the ring of integers, Q the field of rational
numbers, R the field of real numbers, and C the field of complex numbers.

(1) Let p be an odd prime, D, the dihedral group of order 2p, and C;,, the cyclic group
of order 2p.
(a) Determine the center of D,.
(b) Determine the commutator subgroup of D,,.
(¢) How many homomorphisms of groups C3, — D, are there?
(d) How many homomorphisms of groups D, — C,, are there?

(2) Let k be a field and A a finite dimensional k-algebra such that dim;(A) = n. Show
that if there is an element & in A such that A = k(«), then A is isomorphic to a
k-subalgebra of M, (k), the ring of n-by-n matrices over k.

(3) Let A and B be normal subgroups in the group G such that G = AB.
(a) Show that G/(ANB) is the internal direct product of A/(ANB) and B/(ANB).
(b) Show that G/(ANB) is isomorphic to G/A x G/B.

(4) Letn="7%-29.
(a) Show that any group of order n is a semidirect product of a group of order 49
and a group of order 29.
(b) Show that there are at least four nonisomorphic groups of order n.

(5) For each of the following four properties of a ring, either exhibit an example of a
finite dimensional C-algebra A such that dimc(A) = 4 and A has the given prop-
erty, or say why no such example exists.

(a) A is a noncommutative ring.

(b) The ring A is a field.

(c) The ring A has no nonzero zero divisor, and at least one nonzero noninvertible
element.

(d) The ring A has exactly 5 maximal ideals, say my, ..., ms.

(6) Let f = (4x?> +2x+1)(x® — 1). Find a splitting field and determine the Galois
group of f over each of the following fields:
(@ Q
(b) Q(v3)
() Qi)
(d) Q(&), where £ = €¥*/% is a primitive sixth root of 1 in C
e R



ALGEBRA (QUALIFIER

Edoardo Persichetti Spring 2023

Please do not write your answers on this sheet of paper. Instead, use a separate piece
of paper, showing all your work in a readable manner, and justifying all your answers.
Please only write on one side of the paper, not both.

Question 1 Show that, up to isomorphism, there are exactly two non-abelian groups of order 8.
Question 2 Prove that there is no simple group of order 120.

Question 3 Let G be a finite group and let s,t € G be two distinct elements of order 2. Show
that the subgroup of G generated by s and ¢ is a dihedral group.

Hint: recall that the dihedral groups are the groups Do, = (g,h : g* = h* = (gh)™ = 1) for some
m > 2.

For the purpose of the next question, assume all rings are rings with unit.

Question 4 Let R be a commutative ring which is not a field. Let S be a subring of R and assume
S is not a field.

1. Prove that if R is an integral domain, then S is an integral domain.

2. Determine whether each of the following statements is true or false. If true, prove it. If false,
exhibit a counterexample.

a) If R is a principal ideal domain, then S is a principal ideal domain.

(a)
(b)
(c)

)

(d) The quotient field of S is equal to the quotient field of R.

If R is a unique factorization domain, then S is a unique factorization domain.

If R is a euclidean domain, then S is a euclidean domain.

Question 5 Let [ be a field.

1. Prove that prime ideals in F[z]| are generated by irreducible polynomials.
2. Show that there are infinitely many irreducible polynomials in F[z].
3. Conclude that there are infinitely many prime ideals.

Question 6 Consider the polynomial 2° — 9z + 3 over Q.

1. Show that the Galois group G has an element of order 5.
2. Show that G includes a transposition.

3. Use these two facts to determine the Galois group.



ALGEBRA (QUALIFIER

Edoardo Persichetti Fall 2022

Please show all your work in a readable manner, and justify all your answers.

Question 1 Let N and M be normal subgroups of a group G.

1. Prove that N N M is a normal subgroup of G.

2. Prove that NM is a normal subgroup of G.

Question 2 Let G be a group of order 9045 (note that 9045 = 33 - 5 - 67).

1. Compute the number, n,, of Sylow p-subgroups permitted by Sylow’s Theorem for each of
p = 3,5, and 67; for each of these n, give the order of the normalizer of a Sylow p-subgroup.

2. Suppose by contradiction that there are no normal p-subgroups. Deduce that the total number
of elements of order p (for all p) exceeds the order of G.

3. Show that G must have a normal Sylow 5-subgroup.

Question 3 Prove that for every finite group G the number of group homomorphisms h : Z* — G
is n|G|, where n is the number of conjugacy classes of G.

Hint: remember that Z? is the free abelian group of rank 2.

Question 4 Show that Z[,/p| is not a unique factorization domain when p is a prime congruent
to 1 mod 4.

Question 5 Let IF be the finite field with 32° elements.
1. Draw the lattice of all subfields of F and identify the maximal subfields.

2. Give an expression for the number of field generators for the extension F/F3, i.e., the number
of primitive elements for this extension (you need not compute the actual numerical value).

Question 6 Consider the polynomial p(z) = z* — 2.

1. Determine the order of the Galois group of p(x) over Q.
2. Is this group Abelian? Justify your answer.

3. Identify the group (up to isomorphism).



Algebra Qualifying Exam Spring 2022

Answer each of the following six questions clearly. When using a theorem be sure to explicitly
state the theorem, then apply. Write your name and number each page you turn in.

Notation: Let Z, denote the cyclic group of order n, Q denote the field of rational numbers,
C denote the field of complex numbers, S,, denote the symmetric group on n letters.

1. True or False? For each statement, prove or disprove it.
(a) Let G1,Gy be groups and H < Gy X G3. Then H is of the form H; x Hs with
H; < G, for i = 1,2 respectively.
(b) The polynomial f(z) = 22 + 1 is irreducible over Q(iv/2).

(c) Let (g = ¢*™/®. The field K = Q((s) admits a basis {1, (s, (3, ¢, G5, 63, G5, (3} as
a Q-vector space.

2. Let n > 1 be an integer. For each integer a, we define a map o, : Z,, — Z, where
o (r)=a-x,x €L,

(a) Determine when o, is a group automorphism on Z,.
(b) Prove that every group automorphism of Z, equals to o, for some a.

(¢) Describe the group structure of the automorphism group of Zis.

3. Prove that a group G of order 22 - 3% -5 is not simple.

Hint: Denote n, the number of Sylow p-subgroups. Suppose by contradiction that G is simple.
First, prove that ns = 6 or 36, and ng = 4 or 10. To eliminate the cases ns = 6 or ng = 4, use
some homomorphism (define this precisely) from G to some symmetric group. To eliminate the case
ns = 36 and ng = 10, study the intersection N(Hs) N N(H;) where H, denotes Sylow p-subgroups

and N denotes the normalizer.

4. Let R be a commutative ring with 1 # 0. The Jacobson radical J(R) C A is defined
as the intersection of all maximal ideals in R. Prove that x € J(R) iff zy — 1 is a unit
for all y € R.

5. Let R be a unique factorization domain and K its field of fractions. Let p(x) be a monic
polynomial in R[z|. Prove that, if p(z) admits a root a € K, then in fact o € R.

6. Let f(x) = 2* — 2? — 1 be a polynomial in Q[z] and K be its splitting field over Q.
Determine the Galois group of K over Q.



Algebra Qualifying Exam Fall 2021

Answer each of the following six questions clearly. When using a theorem be sure to explicitly
state the theorem, then apply. Write your name and number each page you turn in.

Notation: Let Z denote the ring of integers, Z,, denote a cyclic group of order n, S,, denote
the symmetric group on n letters, Q denote the field of rational numbers, [, denote the
prime field of order p.

1. (a) Describe all group homomorphisms from Zis to Zos.
(b) Describe all group homomorphisms from S3 to Z,.

(¢) Describe all ring homomorphisms from Z x Z to Z that preserve multiplicative
identity.

2. (a) Let p be a prime and G be a finite group of order p"m where 1 < m < p and
n > 1. Prove that G is not simple.

(b) Show that any group of order 2021 = 43 - 47 is cyclic.

3. An element r of a ring is called nilpotent if ™ = 0 for some positive integer n. Let R
be a commutative ring with 1 # 0.

(a) Show that the set of all nilpotent elements of R forms an ideal of R.

(b) Show that sum of a unit and a nilpotent element is a unit of R.

4. True or False? For each statement, give a sketch of the proof or a counter example.

(a) Let R be an integral domain and I, .J be two ideals in R. If I.J is principal, then
1 is finitely generated.

(b) The ideal generated by 2% + 1 and 5 in Z[z] is maximal.

5. Let p be a prime. For any nonzero a € F,, prove that f(z) = a2? — x + a is irreducible
over F,. (Hint: show that, if v is a root of f in some extension of F, then v + z are
also roots for any z € F,,. Use this to determine the degree of its splitting field.)

6. Let f(x) = g(z) h(x) be a polynomial in Q[z] where g(x) = 2? + 3 and h(z) = 2% — 3.

(a) Find the splitting field £ of g(x) over Q.
(b) Find the splitting field K of f(x) over Q and determine its Galois group G.
(c) Is there a subgroup of G that fixes E?7 If so, show it. Otherwise, explain why.



Algebra Qualifier Exam January 8, 2021

Notation:

Q, C the rational numbers and complex numbers.
Qg the quaternion 8-group, also called the group of quaternion units.
D, the group of symmetries of a regular n-gon, also called the dihedral group of order
2n.
C, acyclic group of order n.
S, the symmetric group on n letters.

(1) Consider the three groups: Cy4, Qg, D4. For each of the following statements, either
exhibit an example to substantiate the claim, or prove that the claim is false.
(a) There exists a homomorphism C4 — Qg that is one-to-one.
(b) There exists a homomorphism Qg — Cy4 that is onto.
(c) There exists a homomorphism C4 — D that is one-to-one.
(d) There exists a homomorphism D4 — Cy that is onto.

(2) Show that a group of order 105 is a semidirect product of two cyclic groups. Give
an example of a nonabelian group of order 105.

(3) Let k be a field. Let R be the subring of k[x] consisting of all polynomials such
that the coefficient of x is zero. That is, R is the subset of k[x] consisting of all
polynomials that can be expressed in the form

ao+ arx> +azx> + -+ - +apx’.

Prove:
(a) R is an integral domain.
(b) x? and x3 are both irreducible elements of R.
(c) R is not a unique factorization domain.
(d) If m = (x?,x3) is the ideal generated by x*> and x>, then m is a maximal ideal
of R.
(e) R is not a principal ideal domain.

(4) Let F/k be an extension of fields and assume dimg(F) = p is a prime. Prove that
F /k is a simple extension.

(5) Let k be an infinite field and assume there exists a monic irreducible polynomial
of degree d in k[x]. Show that there are infinitely many monic irreducible polyno-
mials of degree d in k[x].

(6) Let p a prime number and f(x) an irreducible polynomial of degree p over Q
that has exactly two non-real roots in C. Prove that the Galois group of f(x) is
isomorphic to S, the symmetric group on p letters.



Algebra Qualifier Exam August 21, 2020

Instructions: Do any five of the following six items. By assumption, a ring always con-
tains a unit element. Notation: Z denotes the ring of integers, Q the field of rational
numbers, R the field of real numbers, and C the field of complex numbers.

(1) Let M be an abelian group containing subgroups A and B. Show that there is an
isomorphism of groups:
A _A+B
ANB~ B

(2) Show how to construct two nonisomorphic nonabelian groups of order 4 - 17 each
of which is a semidirect product of two cyclic groups.

(3) Let n = pqg, where p and g are distinct prime numbers. Let R be a finite ring of
order n. Prove:
(a) R is isomorphic to Z/n, the ring of integers modulo 7.
(b) R is commutative.
(c) R is isomorphic to a direct sum of two fields.
(d) R has exactly two maximal ideals.

(4) For each of the following, either exhibit an example of such a ring, or prove that
no such ring exists.
(a) A noncommutative ring with 16 elements.
(b) A field with 16 elements.
(c) A commutative ring with 16 elements which is not a field and which has no
nonzero nilpotent elements.
(d) A commutative ring with 16 elements which is not a field and which has no
nontrivial idempotents.
(e) A commutative ring with 16 elements which is not a field and which has no
nonzero zero divisor.

(5) Let k be a field and A a k-algebra which is finite dimensional as a k-vector space.
Let a be an element of A. Prove the following statements.
(a) There exists a unique monic polynomial f € k[x] satisfying
(i) f(a)=0and
(ii) if g € k[x] and g(or) =0, then f | g.
(b) If f(x) denotes the polynomial of part (a), then o is invertible in A if and only
if £(0) #£0.
(6) Let f = (2x*> —4x+ 1)(x* +1). Find a splitting field and determine the Galois
group of f over each of the following fields:
(a) Q
(b) Q(v2)
(© Qi)
(d) Q(&), where & = ¢2™/8 is a primitive eighth root of 1 in C
(e) R



Mathematical Sciences
Algebra
January 14, 2020 Name:

Qualifying Exam

There are sixz problems. All answers count.

PROBLEM 1: For G a group, let T =G x G ={(g9,9') : 9,4 € G} be
the product with componentwise multiplication.

(a) Show that D = {(g,9) : g € G} is a subgroup of T isomorphic
to G.

(b) In the special case where G = S; is the symmetric group on
three letters, show that D is not a normal subgroup of T

(¢) Find a necessary and sufficient condition for G' such that D is
a normal subgroup of 7.

(d) Assuming that D is normal in 7', show that the quotient 7'/ D
is isomorphic to G.

PROBLEM 2: Denote by Z(G) the center of a group G and, for a € G
an element, by N(a) = {g € G : ga = ag} the normalizer of a in G.
Let o(G) denote the order of a finite group G.

Recall Cauchy’s Theorem: Let G be a finite group. If a prime number
p divides o(G) then G contains a subgroup of order p.

(a) Sketch the proof of Cauchy’s Theorem in the case where G is a
finite abelian group.

(b) Suppose a prime number p divides the order o(G) of a finite
group G but does not divide the order of the normalizer N(a)
for any a € G\ Z(G). Use the class equation to show that p
divides o(Z(Q)).

(¢) Deduce Cauchy’s Theorem in the general (non-abelian) case.

PROBLEM 3: Let P = RJ[t] be the ring of all polynomials with real
coefficients, let R™ be the product of n copies of R, with componentwise
addition and multiplication, and let x4, ..., x, be pairwise different real
numbers.

(a) Show that the map ¢ : P — R", f — (f(x1),..., f(z,)) is a
ring homomorphism, determine the kernel K and specify the
dimension of P/K.

(b) Show that the map ¢ is onto.

(c) Suppose that wy, ..., w, are real numbers. Deduce that there
is a unique polynomial f(t) of degree less than n such that
f(z;) = w; holds for each 1 <i <n.



2 Algebra, Qualifying Exam, January 14, 2020

PROBLEM 4: A polynomial ag + a1 + -+ + a, 2™ € Q|x] is called
reciprocal if all its rational roots have the form # for some non-zero
integer m.

Show that every polynomial in ag+aj x4+ - -+a, 2" € Q[z] with integer
coefficients and constant coefficient ag = 1 is reciprocal.

PROBLEM 5: Suppose p(z) = ap + a1 + -+ + a, 2" € Q[z] is an
irreducible polynomial of degree n > 1 such that one of its roots lies
on the unit circle in C.

Show that p(x) is palindromic, that is, a,_; = a; for each 7.

PROBLEM 6: Let K D Q be a field extension. By V2 and /2 we
denote roots of the polynomials 22 — 2 and 2 — 2, respectively, in some
field extension of K.
(a) Show that {a +bv/2:a,b € K} is a field.
(b) Give necessary and sufficient conditions for {a+b3/2 : a,b € K}
to be a field.



Florida Atlantic University
Mathematical Sciences
August 22, 2019 Name:

Qualifying Exam in Algebra..

There are sixz problems. All answers count.

PROBLEM 1: Let G be a group. Recall that the center of G, denoted Z(G),
is the set of elements of G that commute with every other element. Let p be
a prime number.

(a) Show that Z(G) is a normal subgroup of G.
(b) Show that if G/Z(G) is cyclic, then G is abelian.

(c¢) Suppose G is a finite group whose order is a power of p (a so-called
p-group). Show that Z(G) is non-trivial.

(d) Show that if G has order p? for a prime number p, then G is abelian.

PROBLEM 2: By S,, we denote the group of permutations of n letters, by
A,, the subgroup of S, of all even permutations. In each part, justify your
answer!

(a) Give an example of two nonconjugate elements of S; that have the
same order.

(b) If g € S7 has maximal order, what is the order of g 7

(c¢) Does the element g that you found in part (b) lie in the subgroup A;?
If not, specify an element of maximal order in A!

(d) How many elements in S; have the same order as the element g from
part (b)?



Qualifying Exam in Algebra 2

PROBLEM 3: For a prime number p, the field of p elements is denoted by IF,,.

Consider two quotient rings: R = F,[z]/(z? — 3) and S = F,[z]/(2? — 4).
Determine whether the rings R and S are isomorphic for the three cases
p=2,5, and 13.

PROBLEM 4: A commutative Artinian ring R is a commutative ring
with 1 which satisfies the descending chain condition, that is, if for every
descending sequence of ideals,

L2oL2o2I3 2,
there is a natural number n such that I,, = I,,,;.

(a) Suppose that R is an Artinian integral domain. Show that R is a field.
(Hint: Consider the ideals (a™).)

(b) Let P be prime ideal in a commutative Artinian ring. Show that P is
maximal.

PROBLEM b5: For each statement, give a sketch of the proof or specify a
counter example!

(a) If p is a prime number and F the field of p elements, then any two
quadratic field extensions over F' are isomorphic.

(b) If Q is the field of rational numbers, then any two quadratic field ex-
tensions over Q are isomorphic.

PrROBLEM 6: Let K D L D F' be a tower of fields. For each statement, give
a proof or specify a counter example!

(a) If K/F is Galois, then K/L is Galois.
(b) If K/F is Galois, then L/F is Galois.
(¢) If L/F and K/L are both Galois, then K/F is Galois.



Algebra Qualifying Exam, Spring 2019

Name: Student ID:

Instructions: Show all work clearly and in order. Use full sentences in your proofs and
solutions. All answers count. You may use results of the previous parts or questions. Carefully
state every theorem you use. Also,

e please write on only one side of the paper,
e write your name on each page you turn in,

e number each page you turn in.

1. Let p be a prime.

(a) Classify all abelian groups of order p* up to isomorphism.
(b) For each group G in part (a), determine the number of distinct elements of order p in G.

(¢) For each group G in part (a), determine the number of distinct subgroups of order p in

G.
2. (a) Let G be a group of order pgr, where r > ¢ > p are prime. Show that G is not simple.
(b) Prove that any group of order 345 is cyclic.
3. (a) Prove that Z[y/—2] is a Euclidean domain.
(b) Let d > 1 be a squarefree integer such that d = 1 (mod 4). Show that Z[v/d] is not a

unique factorization domain.
4. Let p be a prime.
(a) Determine the number of monic irreducible polynomials of degree 2 in Z,[x]. Deduce
that a finite field of order p? exists for all p.
(b) Show that Zs[z]/(z? + x + 2) and Z3[y]/(y? + 2y + 2) are both fields.
(c) Establish an explicit isomorphism between Zs[z]/(z? + x + 2) and Zs[y]/(y? + 2y + 2).

5. Let Q be the field of rational numbers.

(a) Find a splitting field K for the polynomial f(x) = 27 — 1 over Q, and determine its
degree [K : Q].

(b) Deduce that K is a Galois extension of Q. Determine the Galois group Gal(K/Q), its
order, and its structure as a group.

(c) Determine all subgroups of the Galois group Gal(K/Q), determine all subfields of K
that contain QQ, and illustrate the Galois correspondence between the subgroups and the
subfields.



Algebra Qualifying Exam, Fall 2018

Name: Student ID:

Instructions: Show all work clearly and in order. Use full sentences in your proofs and
solutions. All answers count. In this exam, you may use the class equation for finite groups
and Sylow theorems without proving them. You may also use results of the previous parts or
questions.

1. (a) Suppose that |G| = p”, pis prime, and n > 1 is an integer. Show that G has a non-trivial

center.
(b) Prove that if |G| = p? and p is prime, then G is abelian.
2. (a) Classify all abelian groups of size 600.
(b) Show that there are at most four non-isomorphic groups of order 30.
3. (a) Let G be a group of order |G| = pq, where ¢ > p are prime and pt (¢ — 1). Show that

G is cyclic.

(b) Classify all groups of size pq, where p and ¢ are two (not necessarily distinct) primes.
4. In the following, R is an integral domain with identity.

(a) Prove or disprove: If R is a Euclidean domain, then R is a principal ideal domain.
(b) Prove or disprove: If R is a unique factorization domain, then R is a principal ideal
domain.

5. Let F, K, L be fields.

(a) If K is a finite extension of F', and L is a finite extension of K, show that L is a finite
extension of F', and that the following formula holds:

[L:F]=[L:K]|K:F].

(b) Construct a field with 16 elements.
6. Let Q be the field of rational numbers.

(a) Find a splitting field K for the polynomial f(z) = 2* — 4 over Q, and determine its
degree [K : QJ.

(b) Deduce that K is a Galois extension of Q. Determine the Galois group Gal(K/Q), its
order, and its structure as a group.

(c) Determine all subgroups of the Galois group Gal(K/Q), determine all subfields of K
that contain Q, and illustrate the Galois correspondence between the subgroups and the
subfields.



Qualifying Examination in Algebra - Spring 2018

Answer each of the following seven questions clearly and concisely. All answers count.

Question 1

Suppose that G is a group of order p”, p a prime number, and that Z is the center of G.
Prove that if N is a normal subgroup of G, N # {1}, then N N Z # {1}.

Question 2

Prove that if U is a commutative integral domain with identity that is not a field, then
Ulx] is not a principal ideal domain.

Question 3

If G isagroup and S asubset of G the normalizer of S in G, Ng(S), is defined by
Ng(S) :={r € G| 27'Sx = S}.

Let P be a p-Sylow subgroup of a finite group G, and suppose that S is a subgroup
of G such that Ng(P) C S. Prove that S is self-normalizing, i.e. that S = Ng(9).

Question 4

If G is a group of order 715 =5-11-13 prove that its 13-Sylow subgroup is in the center
of G.
Question 5

~

(i) Prove or disprove: If K and L are two isomorphic ( K = L ) subfields of a finite
field F, then K = L.

(ii) Prove or disprove: A field IF of order 128 has a subfield of order 16.

Question 6

Let G=Z[i|={a+bi|a,beZ} be the ring of Gaussian integers ( i* = —1.)

Describe a norm under which G is a Euclidean Domain.
Determine the units of G.
Prove or disprove that 5 =15+ 0i € G is a prime (irreducible) in G.

Prove or disprove that G is a unique factorization domain.

OVER



Question 7

Let R be a commutative ring with identity, A an ideal of R, and define M (A) by:

M(A)={x € R|3n € Z" such that 2" € A}

Show the following:

i) M(A) is an ideal of R containing A.



Qualifying Examination in Algebra
last draft - August 19, 2017

Answer each of the following six questions clearly and concisely. All answers count.

Question 1

(i) Let G be a group and suppose that M and N are normal subgroups of G. Prove
that if M NN = {1}, then M and N commute elementwise; i.e., if x € M and
y € N, then zy = yx.

ii) Show that a group G of order 25921 = 72232 must be abelian.
(ii) group

Question 2

Suppose that G is a transitive permutation group on set X .

(i) Define what is meant by the statement: G is primitive on X.

(ii) Show that if G is primitive on X, and N # {1} is a normal subgroup of G, then
N is transitive on X.

Question 3

Let G be a finite group, A a subgroup of the full automorphism group of G, and let A|G
denote the natural action of A on G. Further, let G* = G — {1}.

(i) Show that if |G| > 1, then A|G cannot be transitive.

(ii) Show that if the induced action A|G*, is transitive, then G is abelian. In this case,
can you say something about the structure of G?

Question 4

Let Q be the field of rational numbers, and consider the polynomial f(x) = z* —5 € Q[z].

(i) Determine the splitting field K of f(z) over @Q, and the degree [K : Q).
(ii) Determine the Galois group G = Gal(K/Q), its order, and its structure as a group.

(iii) Determine the lattice of subgroups of GG, and the corresponding lattice of subfields
of K over Q.

OVER




Question 5

Let A and B be two matrices in GLy(C), the group of 2 x 2 non-singular matrices over
the complex field. Suppose that the characteristic equations of A and B are z? —z —1
and 22 — 2 — 2 respectively. Let W be a product of finitely many matrices, with all
factors from {A, B}.

(a) Give a simple expression for the number of factors of W that are the matrix B.

(b) Show that A and B do not necessarily commute. [Hint: Find examples among the
matrices with rational integer entries.]

Question 6

Let S = Rlz], the ring of polynomials in one indeterminate x over the real field R, and
let R={feS : f(0) € Q}, the subset of polynomials with rational constant term. Let
I'={fesS : f(0)=0}, the subset of polynomials with constant term 0.

(i) Show that R is a subring of S.

(ii) Show that [ is a maximal ideal of both R and S.

(iii) Show that I is a principal ideal of S, but I is not finitely generated as an ideal of
R. (That is, no finite subset of I generates I as an R-module.)



Algebra Exam, Spring 2017

There are 5 problems, some with several parts. FEasier parts count for less than harder ones, but each
part counts. Fach part may be assumed in later parts and problems. Unjustified answers may receive little
to no credit.

A few results and definitions you may use:

e If a prime p divides the order |G| of a group, then G has an element of order p.

If P and @ are subgroups of G then the set PQ has size Ilgr‘]gl and is a subgroup exactly if PQ = QP.

e o € C is an algebraic integer if g(a) = 0 for a monic g € Z[z].

Let G be a free abelian group of finite rank n, G = Z", and H a subgroup of G. Then H is free of rank
m, for some m < n.

1. Find, with justification, all numbers which are the order of an element of the group S7.

2. Define a function r(n) as follows: 7(n) = pips - - - pr, where n = pi*ps? - - - pi* is the unique factorization

of n into distinct prime powers.
(a) Prove: For all n, every abelian group of order n has an element of order r(n). Justify your answer.

(b) Prove or disprove: For all n, every group of order n has an element of order r(n). Justify your
answer.

3. (a) Suppose p is prime and P is a group of order |P| = p’ which acts on a finite set S. Let Sy be the
set of fixed points for this action, So = {z € S|a-x ==z for all a € P}.
Prove that |Sg| = |S| mod p.
(b) Suppose G is a finite group, p is a prime divisor of |G|, S is the set of all p-Sylow subgroups of G
and P € S. Define an action of P on S as follows: Fora € Pand Q €S, a-Q = aQa™'.

Prove that P is the only fixed point of this action. That is, if Q € Sand a-Q = Q@ for all a € P
then Q = P.

4. (a) Prove that the algebraic integers in Q are exactly the rational integers Z.
(b) Prove that « is an algebraic integer exactly if Z[«] is finitely generated as a Z—module.

Prove that when a and 8 are algebraic integers so are oo + 8 and «f5.

—
o
-~

5. Let w = ™/ and a = 2cos(7/11).

(a) Show that w and « are algebraic integers and that Q(a) & Q(w).

(b) Enumerate the Galois conjugates of w over Q and the Galois conjugates of a over Q. You need
only state the results for w but need to justify your claims about a.

10 10 j T s
(¢) Prove that szo k=0 (2 cos(47) + 2COS(%)) €Z.



Algebra Exam, Fall 2016

There are 4 problems, each with several parts. Easier parts count for less than harder ones, but each part
counts. Fach part can be used in later parts.

1. A commutative ring R with identity 1 is local if, for every r € R, at least one of r and 1 —r has an
inverse,
(a) Show that every field is a local ring.
(b) Show that, when n is a prime power, Z, is local.

(¢) Suppose that there is some positive integer n such that n -1 = 0, and let n be the smallest such
positive integer. Show that, if R is also local, then n is a prime power. Note that R might be
infinite.

2. Let F' be an unknown field, possibly infinite, and that there are positive integers n with n- 1 = 0.

(a) Show that F has a subfield E with p elements where p is a prime.
(b) Prove that any F-vector space is also an E-vector space.
(¢) Prove that if F is finite then the number of elements of F is p* for some i > 1.

3. Supposé that G is not abelian and has n elements. The center is the set
Z(G)={z€G|gzr=xgforall g e G}.
For each element a € G the centralizer of a is Cgla) ={g9 € G| ga = ag}.

(a) Show that these sets are subgroups of G.
(b) Show that for a ¢ Z(G), Z(G) & Ce(a) G G and that |Z(G)] < 2.
(c) Let S ={(g,h) € G x G| gh = hg}. Show that |S| < 2n?.

4. Suppose that f(z) € Q|z] is an irreducible quartic with with splitting field L , roots aq, aa, ev3, oy and
that
Aut(L/Q) = {id, (12)(34), (13)(24), (14)(23)}

described with respect to these roots.

(a) Show that for a field extension J of Q with [/ : Q] = 2 we have J = Q(v/D) for some D € Q

which is not a square.

(b) Let K = Q(v/D1,D2) where D1, Ds € Q are such that none of Dy, Dy, D1 Dy is a square. Prove
that Aut(K/Q) is isomorphic to the Klein 4-group.

(¢) Conversely, Suppose K/Q is a Galois extension with Aut(K/Q) isomorphic to the Klein 4-group.
Prove that K = Q(+/Dy, /D3) for some Dy, Dy € Q such that none of Dy, Dy, D1 D> is a square.
Note: make sure that your proof applies to the field L above.

(d) Your proof for (c) should establish that I = Q(v/D1,v/Ds) for some Dy, Dy € Q such that
none of Dy, Da, D1 D5 is a square. What can you say about how /D7 and /D are related to
o, o, vz, 0147



Qualifying Exam in Algebra,
Spring 2016

Answer each of the following questions clearly and concisely. All answers count.
1. Let G; and G5 be finite groups and p be a prime integer.

(a) Show that the subgroup @@ < G; X Gs is a Sylow p-subgroup if and only if
@ = P, x P, for some Sylow p-subgroups P; < G and P, < Gs.

(b) Determine (with proof) the number of Sylow 2-subgroups of S5 x Sy, where S,
denotes the symmetric group on n letters.

2. Let G be a group and G’ = (zyz 'y~ ! | 2,y € G) be the commutator subgroup of G.
(That is, G’ is the subgroup of G generated by all of the commutators zyx~1y~1).

(a) Show that, if H < G is a normal subgroup such that the quotient group G/H is
Abelian, then G’ < H.

(b) Show that, if H < G is a subgroup such that G’ < H, then H < G is a normal
subgroup and the quotient group G/H is Abelian.

3. Let R be a Boolean ring. (That is, R is a ring with unit element such that r? = r for
all 7 € R.)

(a) Show that —r =r for all r € R.
(b) Show that R is a commutative ring.

(c) Show that every prime ideal of R must be maximal.

4. Let R be a ring with unit element and 6 : Z — R the canonical ring homomorphism
such that (1) = 1. Suppose that R contains exactly p? elements for some prime
integer p.

(a) Show that, if § is not surjective, then the image of 6 is a field containing exactly

p elements.

(b) Show that R is a commutative ring.
5. Let a be a root of the polynomial f = X* + 1 in the field C of complex numbers.

(a) Show that Q(«) is a splitting field for f over the field Q of rational numbers.
(b) Determine the Galois group of Q(«) over Q.

(¢) Determine all intermediate fields between Q and Q(«), and identify the corre-
sponding subgroups of the Galois group.

D

. Suppose that E is a finite extension field of the field F', and f € F[X] is an irreducible
polynomial of prime degree p such that f is reducible in E[X]. Show that p divides
the degree [E : F.



Qualifying Exam in Algebra,
Fall 2015

Answer each of the following questions clearly and concisely. All answers count.

1. Let G be a finite group and Z(G) its center, that is, Z(G) = {z € G | zg = gz for all
g € G}.
(a) Show that, if G/Z(G) is cyclic, then G is abelian.
(b) Show that, if G is a nonabelian p-group for some prime p, then |G| > p?.

2. Let 0 = (1,2,3,4,5), a 5-cycle in the symmetric group Ss.

(a) Determine the centralizer Cs, (o) of o in S5, that is, Cg,(0) = {7 € S5 | o7 = 70}.
(b) Show that there is a 5-cycle in Sy which is not conjugate to o in the alternating

group As.

3. Find three pairwise nonisomorphic rings with identity, each of cardinality 25, and show
that they are pairwise nonisomorphic.

4. Let R be a commutative ring with identity, and recall that an element r € R is called
nilpotent if r™ = 0 for some positive integer n.

(a) Show that the set of all nilpotent elements of R forms an ideal of R.

(b) Let f = ap+ a1 X + ... + a,, X™ be a polynomial in X with coefficients in R.
Show that f is nilpotent in the polynomial ring R[X] if and only if ag, ay, ..., an
are all nilpotent in R.

5. Let f=X*—2in Q[X], and let K be a splitting field of f over Q.

(a) Determine a generating set for K over Q, and the degree [K : Q.
(b) Show that the Galois group of K over Q is isomorphic to a dihedral group.

6. Let p be a prime and n a positive integer, and let IF,,» denote a finite field of cardinality
n

p".
(a) Show that the function ¢ : Fyn — F,n defined by ¢ (a) = a®, is a field automor-
phism of F,., and that ¢(a) = a for every a € F,,.

(b) Show that ¢" is the identity automorphism of F,», but that, for every positive
integer k < n, " is not the identity automorphism of Fpn.



Department of Mathematical Sciences
January 16, 2015 Name:

Qualifying Exam in Algebra.,

There are five problems. All answers count.

PROBLEM 1: (a) What is meant by the cycle type of a permutation in S,,?

Show that two permutations in S, are conjugate if and only if they
have the same cycle type.

Prove that the normal subgroups of S3 are {e}, A3, S3.

(b) Treating the different cases of n € N suitably, determine all homomor-
phisms from S to C,, (the cyclic group of order n).

PROBLEM 2: Let p be a prime and G a group of order p™. Prove that any
nontrivial normal subgroup of G has a nontrivial intersection with the center

of G.

PROBLEM 3: (a) Suppose G is a group in which the element g has finite
order m. For r an integer, state a formula for the order of ¢" and prove
it.

(b) Assume now that G is a nontrivial finite abelian p-group. Prove that
G is cyclic if and only if G has exactly p — 1 elements of order p.

PROBLEM 4: (a) Let f(z) € F|x] be a polynomial with coefficients in a
field F'. Show that f(x) has a multiple root (in its splitting field) if
and only if the polynomial f(z) and its formal derivative f’(x) have a
nontrivial common factor.

(b) Let f(x) be an irreducible polynomial f(x) over a field F'. Show that
f(z) has a multiple root if and only if the characteristic of F'is p > 0
and f(z) = g(«P) for some polynomial g(x).



Qualifying Exam in Algebra 2

(c) Isit possible for an irreducible polynomial over the field Fy of 2 elements

to have a multiple root? Give an example or show that this is not
possible.

PROBLEM 5: Let f(x) = z* — 3. Find the Galois group of f(x) over each of
the following fields.

(a) Q
(b) Q(:)



Department of Mathematical Sciences
August 25, 2014 Name:

Qualifying Exam in Algebra.,,

There are six problems. All answers count.

PROBLEM 1: (a) Let G be a finite group. Show that any two conjugacy
classes in GG are either equal or disjoint. Prove that any normal sub-
group of GG is a disjoint union of conjugacy classes.

(b) For G = Sy, the symmetric group on 4 letters, find all normal sub-
groups.



Qualifying Exam in Algebra

PROBLEM 2: Let G be the symmetric group on p letters where p is a prime
number. Prove that if a subgroup H of G contains a p-cycle and a transpo-
sition, then H = G.



Qualifying Exam in Algebra 3

PROBLEM 3: Suppose R is a commutative ring, and I, J are ideals in R with
IclJ.

(a) Show that J' = J/I is an ideal in R’ = R/I.
(b) Show that the rings R/J and R'/J" are isomorphic.

(c) Let k =Ty be the field of 2 elements.
Deduce that k[z,y]/(2? + x4+ 1,4° + y + 1) is a field.



Qualifying Exam in Algebra

PROBLEM 4: Suppose p is a prime number. If f(z) is an irreducible poly-
nomial of degree p over Q having exactly two non-real roots, then show that
the Galois group of the splitting field of f(z) is the symmetric group S, on
p letters.

Hint: You may use the result of Problem 2.



Qualifying Exam in Algebra 5

PROBLEM 5: Let ( = e bea primitive 8-th root of unity and let K = Q(().
Determine the Galois group G' = Gal(K,Q), and for each subgroup H C G,
determine the fixed field Kp.

Hint: Decide if i € K. Is /2 € K?



Qualifying Exam in Algebra 6

PROBLEM 6: Let k be a field. A module M over the polynomial ring k[x] is
called nilpotent if 2" M = 0 for some n € N.

(a) Show that the k[z]-module k[z]/(2™) is a k-vector space of dimension
m.

(b) Show that every cyclic nilpotent k[z]-module is isomorphic to k[z]/(z™)
for some m € N.

(c¢) Find all nilpotent k[x]-modules of k-dimension 5, up to isomorphy.



Algebra Qualifier Exam, January 21, 2014.

(1) Let G = (a) be a finite cyclic group of order n, written multiplicatively. For a positive integer
m, let ¢ : G — G be the map defined by ¢(x) = x™.
(a) Prove that ¢ is a homomorphism.
(b) Determine the order of the image of ¢.
(c) Determine the order of the kernel of ¢.
(d) Find necessary and sufficient conditions on m such that ¢ is an automorphism.
(2) Let G be a group of order p?q, where p and ¢ are distinct prime numbers. Prove:
(a) G contains a proper normal subgroup.
(b) G is solvable.
(3) Let K denote the field extension Q(v/2,+/3) of the field Q of rational numbers.
(a) Show that K is normal over Q. In particular, specify a monic polynomial f € Q[x] for
which K is the splitting field and determine the Galois group.
(b) Show that the intermediate fields Q(+/2), Q(+v/3) are isomorphic as Q-vector spaces, but
not isomorphic as fields.
(4) Let k be a field and A a k-algebra such that the dimension of A as a k vector space is n. Let o
be an element of A. Prove the following.
(a) There exists a monic polynomial f € k[x] satisfying
(i) f() =0and
(ii) if g € k[x] and g(ox) =0, then f | g.
(b) Let f denote the polynomial of part (a). If the degree of f is n, then o generates A as a
k-algebra and A is commutative.
(5) Let f =x> — 1 and g = x® — 2x> 4 1 be polynomials in Q[x], where Q is the field of rational
numbers. Let R = Q[x]/(f) and S = Q[x]/(g).
(a) Show that there is a surjective homomorphism of rings § — R.
(b) Show that R is isomorphic to a direct product F| x F, of two fields. You should carefully
describe the fields F7, F>, and the isomorphism.
(c) Determine rad (R) and rad (S).
(For any commutative ring A, rad (A), called the nil radical of A, is defined to be {a € A |
a" =0 for some n > 1}.)



Algebra Qualifier Exam September 3, 2013

(1) Show how to construct two nonisomorphic nonabelian groups of order 4 - 17 each
of which is a semidirect product of two cyclic groups.
(2) Let G be a finite group and p a prime. A theorem of Cauchy says that if p divides
the order of G, then G contains an element of order p. Prove this in two parts.
(a) Prove it when G is abelian.
(b) Use the class equation to prove it when G is nonabelian.
(3) Let k be a field and A a k-algebra which is finite dimensional as a k-vector space.
Let o be an element of A. Prove the following statements.
(a) There exists a monic polynomial f € k[x] satisfying
(i) f(a) =0and
(ii) if g € k[x] and g(ot) =0, then f | g.
(b) If f(x) denotes the polynomial of part (a), then o is invertible in A if and only
if £(0) #£0.
(4) Let f = (2x*> —4x+ 1)(x* +1). Find a splitting field and determine the Galois
group of f over each of the following fields:
(@ Q
() Q(v2)
(© Qi)
(d) Q(&), where & = ¢2™/8 is a primitive eighth root of 1 in C
e R
(5) For each of the following, either exhibit an example (with proof) of such a ring,
or prove that no such ring exists. By assumption, a ring always contains a unit
element.
(a) A field with 16 elements.
(b) A commutative ring with 16 elements which is not a field and which has no
nonzero nilpotent elements.
(c) A commutative ring with 16 elements which is not a field and which has no
nontrivial idempotents.
(d) A commutative ring with 16 elements which is not a field and which has no
nonzero zero divisor.



Department of Mathematics Sciences, FAU Name:
Date:

Qualifying Examination in Algebra

Instructions: Do the following six problems. When using a theorem be sure to explicitly state
the theorem, then apply. Include definitions of terms when needed.

1. Let p < g be distinct primes. Classify the groups of order pq. [Hint: consider two cases: when
plg — 1 and otherwise.|

2. (a) State and prove the Class Equation for finite groups.
(b) Suppose G is a group of order p™ (n > 1). Prove that the center of G is non-trivial.

3. Let n > 2 and Z,, denote the finite cyclic group of order n. Prove that Aut(Z,) is isomorphic
to the group of multiplicative units of Z,.

4. Let F' < K be an extension of fields and let u € K. State what it means for u to be algebraic
over F and define [F(u) : F]. Prove that if [F(u) : F] is odd, then F(u?) = F(u).

5. State and prove the Chinese Remainder Theorem for commutative rings with identity.

6. (a) Find a splitting field for the polynomial f(z) = z* — 2 over Q and its degree.
(b) Determine the Galois group of f over Q.



Department of Mathematical Sciences, FAU Name:
Date: September 4", 2012, 2-5pm, SE 215

Qualifying Examination Algebra

Instructions: Do the following six problems. When using a theorem be sure to explicitly state the
theorem, then apply.

1. State and prove Lagrange’s Theorem.

2. Classify all groups (up to isomorphism) of order 28. [Hint: recognize such a group as a
semi-direct product.]
3. (a) State Sylow’s First Theorem.

(b) Prove that if G is a group of order 231 = 3-7-11, then there is a unique Sylow 7-subgroup
of G.

(c) Prove that if G is a group of order 231, then there is a unique Sylow 11-subgroup of G
which is contained in Z(G).
4. (a) Suppose R is a principal ideal domain. Define an irreducible element of R and prove
that a € R is irreducible if and only if aR is a maximal ideal of R.
(b) Construct a field of 343 = 73 elements. Make sure to explain the results you are using.
5. Suppose F' < K < L is a tower of fields. Define what the symbol [K : F] means and prove

that
[L:F]=[L:K|K:F]

You may assume that both [L: K], [K : F]| < cc.

6. Let E = Q(v/2 + v/2). Find the minimal polynomial for a = /2 4+ v/2 over Q; explain why
the polynomial is minimal. Determine Gal(E|Q) and construct the lattice of subfields E.



Department of Mathematical Sciences
January 6, 2012 : Name:

Qualifying Exam in Algebra.,

There are siz problems. All answers count.

PrOBLEM 1: (a) List all groups of order six and of order nine, up to iso-
morphism. Give brief reasons for your answers.

(b) For each pair (A, B) where A is a group of order six, and B a group
of order nine, find the number of group homomorphisms from A to B.
Give brief reasons for your answers.

3 4 5 6|Sum




Qualifying Exam in Algebra

PROBLEM 2: Find all groups of order 52 - 72, up to isomorphism.



Qualifying Exam in Algebra 3
PROBLEM 3: For each of the following statements, tell whether the statement
is true or false, and justify your answer.

(a) R[z,v, 7] is an integral domain.
) R[z,y, 2] is a Euclidean ring.
(c) R[z,y, 2] is a unique factorization domain.

) R

[z,9, #] is a principal ideal domain.



Qualifying Exam in Algebra 4

PROBLEM 4: (a) Suppose F is a field and p(x) € F[z]. Give the definition
of a splitting field over F' for p(z).

(b) State a result regarding the existence and uniqueness of splitting fields.

(c) Let now K be the splitting field for p(z) = 2® — 1 over the field of
rational numbers Q. Determine the degree [K : Q).

(d) For K as in (c), find all 6-th roots of unity in K.



Qualifying Exam in Algebra 5

PROBLEM 5: (a) State the Fundamental Theorem of Galois Theory.

(b) Find the Galois group and illustrate the Galois correspondence in the
example of the splitting field of the polynomial

D

over the rational numbers.



Qualifying Exam in Algebra 6
PROBLEM 6: Suppose that m is an integer which is not a perfect square, and

a, b are rational numbers.

(a) Show that if a 4+ by/m is a root of a polynomial p(z) in Q[z], then
a — by/m is also a root of p(z).

(b) Is the above statement still true if m is a perfect square?



Department of Mathematical Sciences
August 19, 2011 Name:

Qualifying Exam in Algebra,,

There are six problems. All answers count.

PrROBLEM 1: (a) List all groups of order four and of order six, up to iso-
morphism.

(b) For each pair (A, B) where A is a group of order four, and B a group
of order six, find the number of group homomorphisms from A to B.

2 3 4 5 6 | Sum




Qualifying Exam in Algebra 2
PROBLEM 2: Suppose f : G — H is a homomorphism of groups which is
onto and which has kernel K.

(a) Show that f induces a one-to-one correspondence between the sub-
groups of G which contain K and the subgroups of H.

(b) Show that under this correspondence, normal subgroups correspond to
normal subgroups.

(c¢) Suppose N is a normal subgroup of G containing K and M = f(N).
Show that f induces an isomorphism

f: G/N — H/M.



Qualifying Exam in Algebra 3
PROBLEM 3: Let G be a finite group and P a p-Sylow subgroup. For a
subgroup H of G write
N(H)={geG:gHg ' =H}.
(a) Show that P is the only p-Sylow subgroup of N(P).
(b) If an element g € N(P) satisfies g*" = e for some m, show that g € P.
(c¢) Show that N(N(P)) = N(P).



Qualifying Exam in Algebra 4

PROBLEM 4: (a) Find an irreducible polynomial of degree 6 over the field Fy
of two elements.

(b) Construct a field of 64 elements.



Qualifying Exam in Algebra 5

PROBLEM 5: (a) State the Fundamental Theorem of Galois Theory.

(b) Find the Galois group and illustrate the Galois correspondence in the
example of the splitting field of the polynomial

2 =5

over the rational numbers.



Qualifying Exam in Algebra 6

PROBLEM 6: (a) Show that the multiplicative group of any finite field is
cyclic.

(Hint: You may want to show first that a finite abelian group G is
cyclic if for each n the relation 2™ = e has at most n solutions.)

(b) Deduce that the equation

22 = —1mod p

has a solution in the integers if and only if the odd prime number p
satisfies p = 1 mod 4.



Graduate Qualifying Examination Algebra January 7, 2011

1. If a is a nonzero element of a field, we let ord a denote the order of a
in the multiplicative group of nonzero elements of that field.

(a) Let f be an irreducible polynomial over a field F'. Show that if a
and b are roots of f in extension fields of F', then ord a = ord b.

(b) Define the order of an irreducible polynomial f over F' to be ord a
where a is root of f in some extension field of F. Assuming that
the polynomials 27 4+ x + 1 and 2° 4+ x + 1 are irreducible over the
two-element field F', find their orders.

2. Let n be a positive integer and F a field of characteristic 0. Let G
the Galois group of 2" — 1 over F' and Z} the (multiplicative) group of
units of the ring of integers modulo n. Show that G is isomorphic to a
subgroup of Z.

3. A commutative ring R is said to be local if, for each r € R, either r or
1 — r has a multiplicative inverse.

(a) Show that the ring Z,, is local if n is a power of a prime number.

(b) Show that if R is local, and n is the smallest positive integer such
that n-1 =0 in R, then n is a power of a prime number.

4. Show that any group of order 280 has a normal Sylow subgroup.

(S8

. Find a Sylow 2-subgroup of S5. How many Sylow 2-subgroups does S5
have?

D

. Show that Z [Z\/g} is not a unique factorization domain. Find an ideal
in Z [Z\/g] that is not principal



Graduate Qualifying Examination Algebra August 17, 2010

1. Let F be a field and F' [X] the ring of polynomials with coefficients in
F.

(a) Define what it means for a polynomial in F'[X] to be irreducible.
(b) Define what it means for two polynomials in F' [X] to be relatively
prime.
(c) Let K be an arbitrary extension field of F'.
i. Prove or disprove: if a polynomial is irreducible in F' [ X], then
it is irreducible in K [X].
ii. Prove or disprove: if two polynomials are relatively prime in
F [X], then they are relatively prime in K [X].

2. Let K be a field, G a finite group of automorphisms of K, and F' the
fixed field of G.

(a) Show that K is a separable algebraic extension of F'.

(b) Show that K is a finite-dimensional extension of F' of dimension
equal to the order of G.

(c) Show that K is the splitting field of a separable polynomial with
coefficients in F'.

3. Show that if A is a finite abelian group of order n, and m is a positive
integer dividing n, then A has a subgroup of order m. Show that Ss
does not have a subgroup of order 15.

4. Let p be a prime and G a group of order p". Prove that a nontrivial

normal subgroup of G has a nontrivial intersection with the center of
G.

5. Let R be a commutative ring. Show that the polynomial ring R [X] is
a principal ideal domain if and only if R is a field.

6. Let f be the minimal polynomial of a square matrix A with entries in
a field. Show that A is invertible if and only if f (0) # 0.



Graduate Qualifying Examination
Segment [ / Algebra
January 6, 2010

Instructions

1. There are 2 parts to this exam, each part containing 5 problems.

2. Answer 6 of the questions. Your selection should contain 3 questions from each
part. Note that some questions have several components.

3. Indicate clearly which questions you wish to be marked. If you do not do so, the
first 3 solutions which you submit from each part will be graded.

4. All answers and proofs should be clearly written. Presentation is as important as
the correctness of your results.

5. You have three hours to complete the exam. Good Luck!



PART 1

Question 1

Let H be a normal subgroup of a finite group G, and suppose that a prime divisor p of
|G| does not divide [G: H]. Show that H contains every Sylow p-subgroup of G.

Question 2

(a) The ezponent of a group G is the least positive integer n such that for all z € G
z" is the identity of G. Show that every finite abelian group of exponent n
contains an element of order n.

(b) Give an example to show that the conclusion of (a) need not be true for non-abelian
groups.

Question 3

Consider the symmetric group S7, and the alternating group A7.

(a) Determine the conjugacy classes of elements of order 6 in S; as well as in Asy.

(b) Determine the cardinalities of the conjugacy classes you discussed in (a) above.

Question 4

For any positive integer m let S, denote the symmetric group on m symbols. Prove
that there is no proper subroup H such that S,_; C H C S,,.
Question 5

Suppose that G is a simple group of order 660 that can be represented as a transitive
permutation group on {1,2,...,11}.

(a) Determine the number of elements of order 11 in G,

(b) Determine the number of conjugacy classes of elements of order 11 in G.



PART 11

Question 6

Let A and B be two matrices in GL3(C), the group of 2 x 2 non-singular matrices over
the complex field. Suppose that the characteristic equations of A and B are z?+z+ 1
and 22+ 4 2 respectively. Let W be a finite product of the matrices A and B.

(a) Give a simple expression for the number of factors of W that are the matrix B.

(b) Show that A and B do not necessarily commute. [Hint: Find examples among the
matrices with rational integer entries.]

Question 7

Let R={$€Q|a,b€Z and b# 0(mod 13)}.

(a) Show that R is a ring.
(b) Show that 13- R is a proper ideal of R.

(c) Show that 13- R is the unique maximal ideal of R.

Question 8
For a € R, let ¢,:Q[z] — R denote the function defined by ¢.(f) = f(a)
(that is, evaluation at a). v

(a) Show that ¢, is a ring homomorphism.

(b) Determine the kernel of ¢, s.

(c) Determine the kernel of ¢,.

Question 9

Let F be a field and f € Flz] a non-zero polynomial. Show that F(z]/(f) is a field
if and only if f is irreducible.



Question 10

Let f(z) be an irreducible polynomial of degree n over a field F.
(a) Prove that the splitting field of f(x) over a finite field F' is an extension field of
dimension n over F.

(b) Give an example of a field F' and an irreducible polynomial f(z) of degree n over F
where the dimension of the splitting field is not n.



Graduate Qualifying Examination

Segment 11 / Algebra
August 18, 2009

Instructions

1. There are 2 parts to this exam.

2. Answer 6 of the questions. Your selection should contain 3 questions from each
part. Note that some questions have several components.

3. Indicate clearly which questions you wish to be marked. If you do not do so, the
first 3 solutions which you submit from each part will be graded.

4. All answers and proofs should be clearly written. Presentation is as important as
the correctness of your results.

5. You have three hours to complete the exam. Good Luck!



PART 1 - Groups

Question 1

(a) Suppose that an element a of a group G has order mn , where ged (m,n) = 1.
Prove that a = bec, where b,¢c € G have orders m and n respectively, and
bc=ch.

(b) Let G be a group and a,b € G. Prove that the elements abb, bab, and bba
all have the same order.

Question 2

If G is a group of order 231, prove that its 11-Sylow subgroup is in the center of G.

Question 3

Suppose that a finite group G' admits an automorphism o of order 2 such that o fixes
only the identity of G. Prove that G is abelian.

Question 4

(a) Define the normalizer Ng(H), where G is a group and H a subgroup of G.

(b) Suppose that H is a proper subgroup of a finite group G. Prove that
Ug'H9# G
geCG
Question 5

Suppose that P is a p-Sylow subgroup of a finite group G, and that S is a subgroup
of G such that Ng(P) < S. Prove that S is self-normalizing , i.e. that Ng(S) = S.



PART 1II - Rings & Fields

Question 6

Show that Z[+/—5 | is not a unique factorization domain.

Question 7

Let R be a commutative ring, and recall that a € R is called nilpotent if a™ =0 for
some natural number n.

(a) Show that if a,b € R are both nilpotent, then a + b is also nilpotent.

(b) Show that the polynomial ag+ ayz + -+ a;z’ is nilpotent in R[z] if and only if
each of ag,aq,...,a; is nilpotent in R.

Question 8

Consider the polynomial f =23 —2 in Q[x].

(a) Determine the splitting field K of f over Q.
(b) Determine the Galois group G of f over Q.

(c) Determine the intermediate fields between Q and K, and the corresponding sub-
groups of G.

Question 9

Suppose that K is a field extension of F'. Prove that if a,b in K are algebraic over
F then a+ b is also algebraic over F'.

Question 10

Show that if K and L are subfields of a finite field F' so that K is isomorphic to L,
then K = L.



Algebra Qualifier Exam January, 2009

In the following, Q denotes the field of rational numbers and p always denotes a prime
number.

(1) Let o an element of finite order in a group G. If b is an integer, state a formula for
the order of o and prove that your formula is correct.
(2) If pis odd, prove the following.
(a) If G is a group of order (p — 1)p?, then G has a unique p-Sylow subgroup.
(b) There are at least four groups of order (p — 1)p? which are pairwise non-
isomorphic.
(3) Let R be aring and M an R-module with submodules A and B. Show that the set

D={(x+A,x+B)|xecM}.

is a submodule of M /A @& M /B and that the quotient (M /A@®M /B) /D is isomor-
phic to M/ (A+B).

(4) Consider the polynomial f = x* + p? in Q|x]. Determine the following.

(a) The splitting field of f over Q. Call this field K.

(b) The Galois group of f over Q.

(¢) The lattice of intermediate fields of K/Q. Determine which intermediate
fields are normal over Q.

(5) Let k be a field, x an indeterminate, and f, g, h monic quadratic polynomials in
k[x]. Assume f has two distinct roots in k, g has exactly one root in k, and 4 is
irreducible. Prove the following statements.

(a) There is an isomorphism of rings k[x]/(f) = kD k.
(b) There is an isomorphism of rings k[x]/ (g) = k[x] / (x?).
(c) The rings k[x]/(f), k[x]/(g), and k[x]/ (h) are pairwise non-isomorphic.

(6) Let k be a field and A a k-algebra such that dim(A) = 2. Prove the following.

(a) A contains a primitive element. That is, there exists an element & in A such
that o generates A as a k-algebra.
(b) A is commutative.



Algebra Qualifier Exam August, 2008

In the following, Q denotes the field of rational numbers and p always denotes a prime
number.

(1) Let G be a finite group. Prove the following statement. If p divides the order of G,
then G contains an element of order p.

(2) Let k be a field and A a k-algebra which is finite dimensional as a k-vector space.
Let a be an element of A. Prove the following statements.

(a) The minimum polynomial of & over k exists and is unique up to associates.
(b) The element « is invertible in A if and only if 0 is not a root of the minimum
polynomial.

(3) Let f = x* — 5. Find the Galois group of f over each of the following fields.

(@ Q,

(b) Q(v5).
(© Q(i).
@ Q(iV5).

(4) Let f = (x* +x> +1)(x® + 18x> — 36x+ 12). Prove that there is an isomorphism
of rings ¢: Q[x]/(f) — Fy ® F,, where Fy and F, are fields. You should explicitly
describe the fields Fi, F>, and the map ¢.

(5) Say G is a finite abelian p-group. Prove that G is cyclic if and only if G has exactly
p — 1 elements of order p.

(6) Suppose k is a field and f is a monic polynomial in k[x] of degree n. Prove that
there exists an n-by-n matrix M over k such that the minimum polynomial of M is
equal to f.

(7) Suppose F/k is an extension of fields, n is a positive integer, and M is an n-by-n
matrix over k. Prove that the rank of M when viewed as a matrix over k is equal to
the rank of M when viewed as a matrix over F'.



Department of Mathematical Sciences
Instructor: Markus Schmidmeier
Intro Abstract Algebra — January 8, 2008 Name:

Qualifying Exam,,
There are eight problems. All answers count.

1. Let G be a group.
(a) Define the commutator subgroup G’ of G.
(b) Show that G’ is the smallest normal subgroup of G such
that G/G’ is abelian.

2 3 4 5 6 7 8 | Sum




2. Recall that Dy is the dihedral group of 10 elements.
(a) Determine all 2-Sylow and all 5-Sylow subgroups of Dy.
(b) Use this information to find all group homomorphisms Dy —
D1 which are not automorphisms.



3.(a) Give the definition of a Fuclidean ring.

(b) Let R be a Euclidean ring with norm* d. Show that a € R is a
unit if and only if d(a) = d(1).

* some authors call d the “degree” or “function” or

‘valuation”



4.(a) Determine all abelian groups, up to isomorphism, of order
2' . 5.

(b) For each of the groups G in (a): Write G as a product of cyclic
subgroups in such a way that the number of factors is minimal.



5.(a) Show that the polynomial
flx) = 2*+ 23 +2° + o +1

is irreducible over Fs.

(b) Let w = Z be the class of x in K = Fy[z]/(f). Show that w is
a primitive 5-th root of unity in K.

(c¢) Find the other primitive 5-th roots of unity in K.

(d) Show that the primitive 5-th roots of unity form a basis of K
over [F,.



6.(a) Let g be a polynomial with coefficients in the field F. Give the

definition of a splitting field for g over F.

(b) Show that K = Fy[w] in Problem 5 is a splitting field for f over
[Fy.

(c) Suppose that wy, ..., w;s are all the primitive 5-th roots of unity
in K. Show that any automorphism of K takes w to some w;.

(d) How many automorphisms are there for K'? Describe the struc-
ture of the Galois group G(K,F,).

(e) Use the fundamental theorem of Galois theory to describe the
subfields of K that contain [Fs.

(f) For each proper subfield in (e), specify a basis over Fs.



7.(a) Give the definition of similarity of two n X n-matrices.
(b) Let K be a field of characteristic different from 2. For each
of the following two matrices with coefficients in K, specify a
similar matrix in Jordan canonical form.

O ()

(c) What happens in (b) if the field K is of characteristic 27



8. For a prime number p and natural numbers m and n write
g =p" and r = p". Let K and L be a finite fields of ¢ and r
elements, respectively.

(a) Show that every a € K is a root of the polynomial 27 — z.

(b) Show that if m divides n then K is a subfield of L. Hint:
Consider the automorphism of L given by b +— b9.

(c) Show that if K is a subfield of L then m divides n.

(d) Conclude that if m divides n then p™ — 1 divides p" — 1.



Algebra Qualifying Exam Fall 2007
Name:

There are eight problems. All answers count.

1. True or false? Give a proof or a counterexample!

(a) Every group of prime order is abelian.

(b) Every group of order p? where p is a prime is abelian.
Hint: You may want to use the result that the center of a
finite p-group is non-trivial.

(c) Every group of order p? is abelian.

2 3 4 5 6 7 8 ‘ Sum




2. Let G be a group of order 70.
(a) How many 5-Sylow and how many 7-Sylow subgroups are
there in G?
(b) Deduce that every 5-Sylow and every 7-Sylow subgroup is
normal in G.
(c¢) Show that G has a normal subgroup of order 35.
(d) Find at least 4 pairwise non-isomorphic groups of order 70.



3. Which o
(a) Clz,y] is an integral domain.
(b) Clz,y] is a Euclidean domain.
(¢) Clx,y] is a principal ideal domain
(d) Clz,y] is a UFD.
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4.(a) Show how to get all abelian groups, up to isomorphism, of order
23.32.5,

(b) For each of the groups G in (a): Write G as a product of cyclic
groups in such a way that the number of factors is minimal.



5. Define the degree [L : F] of a field extension L of F. If L is a
finite extension of F', and K is a finite extension of L, show that
K is a finite extension of I’ and the following formula holds:

[K:F] = [K:L]-[L:F]



6.(a) When is a complex number w called a primitive n-th root of

unity? How many primitive 5-th roots of unity are there?

(b) If w is a primitve 5-th root of unity, show that Q[w] is the
splitting field of the polynomial x° — 1 over Q. (Hence, Q[w] is
a normal extension of Q.)

(c) Suppose that wy, ... ,w; are all the primitive 5-th roots of unity.
Show that any automorphism of Q[w] takes w to some w;.

(d) How many automorphisms are there for Q[w]|? Describe the
structure of the Galois group G(Q[w], Q).

(e) Use the fundamental theorem of Galois theory to describe the

set of subfields of Q[w] which contain Q.
(f) Deduce that the regular pentagon can be constructed by straight-

edge and compass.



7.(a) When are two square matrices A and B of the same size said
to be similar?
(b) Show that the matrix N is similar to its transpose N*:

0 01 0
10 - 0 0O 1 --- 0
01 O :
N = o ' Nt = 0
0 --- . 0 0 - 0 1
10 0

(c¢) Deduce that every Jordan block N + A -1 (where 1 is the iden-
tity matrix of the same size as N and A € C) is similar to its
transpose.

(d) Deduce that every square matrix with coefficients in the com-
plex numbers is similar to its transpose.



8. Suppose that K is a finite field of ¢ elements.
(a) Show that ¢ = p™ for some prime number p and some
integer m.
(b) Prove the following statement: Every a € K is a root of
the polynomial f(z) = 29 — x.
(c) Deduce from (b) that K is a splitting field over F,, for f(z)
and conclude that all fields of ¢ elements are isomorphic.



Algebra Qualifying Examination
January 4, 2007

Paper is available at the front of the room. Use one side only. Nothing
on the other side will be considered.

1. Let J7 be the ring of integers modulo 7. Let G be the set of functions
from J; to J; of the form az 4+ b with a,b € J; and a # 0. For example,
2r+3takes § € J; t0 20 +3 € J;. Multiplication in G is composition
of functions, so 2z + 5 composed with 3z + 1 is 2(3x + 1) + 5 = 6z or
3 (2% + 5) + 1 = 6z + 2 depending on which way you compaose.

(a) Show that if the functions az + b and cx + d are equal, then a = ¢
and b = d.

(b) Show that G has an identity clement.

(¢) What is the inverse of 2z + 3? Of az + b?

(d) What is the order of G?

(¢) What is the normalizer of 2 + 1 ? What is the normalizer of 227
What is the center of G?

(f) How many Sylow subgroups of each order does (¢ have? What are
they?

2. Buclidean rings (Euclidean domains)

(a) What is a Euclidean ring?

(b) The ring of Gaussian integers, {a + b : a, b integers}, is a Euclid-
ean ring. Illustrate this statement, and its proof, using the ele-
ments 5+ 2¢ and 1 - 33,

(c) Show that if @ and b are elements of a Euclidean ring 2, then
there exist elements s and ¢ in R so that sa + tb divides both g
and b.

3. Let U, be the multiplicative group of units in the ring J,. The elements
of U,, are the images in .J, of integers that are relatively prime to n.
Consider the groups Uy, Uss, Ug, Usp. How many clements does each
have? What are the invariants of each? Which of them are isomorphic?

4. Let Q be the field of rational numbers and consider the vector space
Vo ={f€Q[X]:degf<n}. Letw:V, — Q be defined as w(f) =
£(2). Find a basis for the kernel of .



Fall QO@Q

. Let p be an odd prime and G a group of order p. Show that GG has
exactly one automorphism of order two.

. How many groups of order 45 are there up to isomorphism? Justify
your answer.

. Repeat question 2 for groups of order 46.

. Let R be a commutative ring, r an element of R, and f(X) a monic
polynomial with coefficients in B. Show that f(r) = 0 if and only if
X —r divides f (X) in the polynomial ring R [X].

. Let R be a (commutative) integral domain (with identity). Let a and
b be elements of R.

(a) What does it mean to say that d is a greatest common divisor of
a and b7

(b) Show that if d and e are both greatest common divisors of ¢ and
b, then d = ue for some unit « in R,

. Let R =12 [/=5] = {m+nv/=5:m,n € Z}.

(a) Show that the elements 2 and 1 + /~5 have a greatest common
divisor in R.

(b) Show that the elements 2 + 24/—5 and 6 do not have a greatest
common divisor in R.

. Let F' be a field of characteristic 7, and V' a vector space over F with
basis eg,eq,...,e5. Let T :'V — V be a linear transformation such
that Tep = 0 and Te; = 4e;_ for i =1,...,20,

{(a) Find a basis for the kernel of T'.
(b) Find the minimum polynomial of T



Algebra Qualifying Exam

. Let R be a commutative ring. Suppose that (p) < (g) are principal prime ideals. Prove that if p
is not a zero-divisor, then (p) = (g). (A ring element x € R is called a zero-divisor if there
exists a non-zero element r € R such thatx - r = 0.)

. Let R be a commutative local ring with (unique) maximal ideal M. Prove that the only
idempotents of R are 0 and 1.

. Let A be a module over the commutative ring R and let B be a submodule of A. Prove that if B
and A/B are finitely generated, then A is finitely generated.

. Let R be a commutative ring with S a non-empty, multiplicatively closed subset of R. Suppose
that [ is an ideal of R with /N § = @.

a. Prove: There exists an ideal P of R such that P = I and P is maximal wth respect to the

property that PN S = @.
b. Prove: The ideal P is a prime ideal.
. Let K be a field with X an indeterminate. Suppose that f{X) € K[X] factors as

fX) =[p'X)] -+ [par(X)]
Prove that
KIX)(AX) ~ KIX) (p7' (X)) * - x K[X)/(pi(X))
. Let @ be the field of rational numbers, with X and ¥ indeterminates.
a. Prove that the rings
Q[X, Y)/(Y? - X?) and Q[X, YJ/(Y? -X)

are not isomorphic.
b. Prove that the polynomial X? + ¥2 — 1 is irreducible over Q[X, ¥].
¢. Prove that the polynomial 10X* — 21X3 + 9X? + 15X - 33 is irreducible over Q[X].

. Let G be a finite multiplicative group with H and K subgroups of G. Prove that if the order of H
and the order of K are relatively prime, then H N K = {e}. What additional condition on H and
K must be imposed in order that G be the direct product of /7 and K ?



Vodd 0

Algebra, Qualifying Exam

. An additive abelian group A is called divisible if for each element a € A,
and each nonzero integer k, there exists an element x € A such that kz = a.

1. Prove that the additive group of rational numbers, Q is divisible.

2. Prove that no finite abelian group is divisible.

. Prove that if A is an abelian group of order pg, where p and gare distinct
prime integers, then A is cyclic. (Hint:You may use Cauchy’s Theorem.)

. Let R be a commutative ring with identity. An element a € R is called
nilpotent if there exists a positive integer n such that a” = 0.

1. Prove: The set N of all nilpotent elements of R is an ideal of R.

2. Prove: If P is a prime ideal of R, then P D N. Conclude that if n € N,
then 1+n ¢ P.

. Let R be a commutative ring with identity. Let P be a prime ideal of R
and M be a maximal ideal of R. Denote by R[X] the ring of polynomials
in one indeterminate over R.

1. Prove: The set P[X] = {f € R[X] : each coefficient of f belongs to P}
is a prime ideal of R[X].

2. Prove: The set M[X] = {f € R[X] : each coefficient of f belongs to
M} is a maximal ideal of R[X].

. Show that the polynomial p(X) = X3 + 9X + 6 is irreducible in Q[X]. If ¢
is a root of p(X), find the inverse of 8 in Q(8).

. Let F be a field with o an element of an extension field of F such that o is
algebraic over F. If [F(«) : F] is odd, then prove that F{a) = F(a?).

. Let K/F be an algebraic extension of fields and let R be a ring contained
in K and containing F'. Show that R is a subfield of K.
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