[un

[V

The Infinity Project

On the structure of honest elementary degrees

Lars Kristiansen!, Robert S. Lubarsky?, Jan-Christoph Schlage-Puchta?,
Andreas Weiermann?

Department of Mathematics, University of Oslo
larsk@math.uio.no

Department of Mathematical Sciences, Florida Atlantic University
Robert.Lubarsky@alum.mit.edu

Department of Mathematics, Ghent University
jcsp@cage.ugent.be, weiermann@cage.ugent.be

Abstract. We present some new results, and survey some old results, on the structure of honest ele-
mentary degrees. This paper should be a suitable first introduction to the honest elementary degrees.

Introduction

This paper is devoted to the study of the structure of the honest elementary degrees.
We present some new results, but this is also a kind of introduction and survey paper.
The new material are found in Section 6 and 7. In the remaining sections, we survey
the same material as we do in Part I of [9], but we give more detailed proofs and more
elaborated explanations. This should be the most thorough and readable introduction to
the honest elementary degrees available so far. But be aware that we are talking about
a technical introduction, and it is beyond the scope of this paper to motivate our study
of the honest elementary degrees.

The roots of our subject can be found in subrecursion theory from the 1970s. Some
relevant papers are Meyer & Ritchie [13] and Machtey [10, 11, 12]. The theory of
honest elementary degrees, in the form presented here, was developed by Kristiansen in
a series of papers (and a thesis) [4, 5, 7, 8] ([6]) from the 1990s. A considerable number
of the results surveyed in Section 2, 3, 4 and 5 was initially published in these papers.

A recent paper by Kristiansen, Schlage-Puchta and Weiermann [9] shows how to
generalise honest elementary degree theory to so-called honest a-elementary degree the-
ory. This generalisation connects honest degree theory with proof theory and provability
of TI9-statements in formal systems for mathematics, e.g. Peano Arithmetic. Such a
connection yields a strong motivation for further research in honest degree theory.

1 Preliminaries

We assume the reader is familiar with the most basic concepts of classical computability
theory, see e.g. [14] or [16]. We also assume acquaintance with subrecursion theory and,
in particular, with the elementary functions. An introduction to this subject can be
found in [15] or [17]. Here we just state some important basic facts and definitions, see
[15] and [17] for proofs.

!The first, second and fourth author gratefully acknowledge partial support by grants from the John
Templeton Foundation, grant no. 13396 and grant no. 13152.
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2 Honest elementary degrees

The initial elementary functions are the projection functions (Z7'), the constants 0
and 1, addition (+) and modified subtraction (—). The elementary definition schemes
are composition, that is, f(Z) = h(g1(Z), ..., gm (%)) and bounded sum and bounded prod-
uct, that is, respectively f(Z,y) = >_,, 9(Z,4) and f(Z,y) = [[;, 9(Z,i). A function is
elementary if it can be generated from the initial elementary functions by the elementary
definition schemes. A relation R(¥) is elementary when there exists an elementary func-
tion f with range {0,1} such that f(Z) = 0 iff R(Z) holds. Relations may also be called
predicates, and we will use the two words interchangeably. A function f has elementary
graph if the relation f(Z) = y is elementary. When we can define a function g from the
function f plus the initial elementary functions by the elementary schemes, we will say
that g is elementary in f.

The definition scheme (uz < z)[...] is called the bounded p-operator, and (puz <
y)[R(Z, z)] denotes the least z < y such that the relation R(Z,z) holds. Let (uz <
y)[R(Z, z)] = 0if no such z exists. The elementary functions are closed under the bounded
p-operator. If f is defined by a primitive recursion over g and h and f(Z,y) < j(&,y), then
f is defined by bounded primitive recursion over g, h and j. The elementary functions are
closed under bounded primitive recursion, but not under primitive recursion. Moreover,
the elementary relations are closed under the operations of the propositional calculus
and under bounded quantification, i.e., (Vz < y)[R(z)] and (Iz < y)[R(z)].

Let 28 = z and 22, = 2%, and let S denote the successor function. The class
of elementary functions equals the closure of {0,S,Z", 2%, max} under composition and
bounded primitive recursion. Given this characterisation of the elementary functions,

it is easy to see that for any elementary function f, we have f(Z) < 2;nax(m) for some
fixed k. It is also easy to see that the class of functions elementary in f is the closure of
{0,S,Z7,2%, max, f} under composition and bounded primitive recursion. As remarked
above, the elementary functions are not closed under primitive recursion, but the ele-
mentary predicates will be closed under (unbounded) primitive recursion, that is, when
a predicate P(Z,y) is defined by P(Z,0) < ¢(Z) and P(Z,y+1) < ¢(Z, P(Z,y),y), then
P will be elementary if ¢ and 1 are elementary.

Uniform systems for coding finite sequences of natural numbers are available in-
side the class of elementary functions. Let f(x) be the code number for the sequence
(f(0), f(1),... f(x)). Then f belongs to the elementary functions if f does. We will
be quite informal and indicate the use of coding functions with the notations (...) and

(x); where ((zg,..., i ..., xpn))i = ;. (So (x,i) — (z); is an elementary function.)
Our coding system is monotone, i.e., (zg,...,x,) < (Zo,...,Zn,y) holds for any y, and
(TOy ey Tiye v oy ) < (Xoy ..., xi+1,...,2,). All the closure properties of the elementary

functions can be proved by using Gédel numbering and coding techniques.
For unary functions f, g, we use f < g to denote Va € N[f(z) < g(z)], and we use f*
to denote the k' iterate of the function f, that is, fO(x) =z and f*¥*1(x) = ff*(z).

2 The honest elementary degrees and the growth theorem

Definition 2.1 A function f : N — N is honest if it is monotone (f(z) < f(z + 1)),
dominates 2% (f(x) > 2%) and has elementary graph. O

Note that when f is honest, we have f¥T!(x) > f¥(x), but we do not necessarily have
fx +y) > f(z). From now on, we reserve the letters f,g,h,... to denote honest
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functions. Small Greek letter like ¢, 1, &, ... will denote number-theoretic functions not
necessarily being honest.

Definition 2.2 A function ¢ is elementary in a function v, written ¢ <g 1, if ¢ can
be generated from the initial functions 1, 2%, max, 0, S (successor), II* (projections) by
composition and bounded primitive recursion.

We define the relation =g by f =g g & [ <g g N g <g f. Now, =g is an
equivalence relation on the honest functions, and we will use H denote the set of =g-
equivalence classes of honest functions. The elements of H are the honest elementary
degrees. Honest elementary degrees will normally just be called degrees, and following
the tradition of classical computability theory, we use boldface lowercase Latin letters
a,b,c,... to denote our degrees.

We will use deg(f) denote the degree of the honest function f, that is, deg(f) = {g |
9=5 [}

We define the relation <p by f <p g < f <p g N g £g f; and the relation |g by
fleEge fLegNgLe f. Wewill use <,<,| to denote the relations induced on
the degrees by respectively <p,<p,|p. We use standard, and presumably very familiar,
language with respect to these ordering relations, and we will, e.g., say that f lies below
g if f <g g; that g is strictly above f if f <g g; that c lies strictly between a and b if
a < c < b; that a and b are incomparable if a | b; and so on. ]

Theorem 2.3 (Growth Theorem) Let f and g be honest functions. Then, we have
g<pf & g<fF for some fized k .

Proof. Recall that f is monotone and dominates 2*. By induction on the build-up of a
function ¢ form the initial functions 0,S,Z7,2% max, f by composition and bounded
primitive recursion, it is easy to prove that there exists & € N such that ¥ (Z) <
fF(max(&)). Hence, if g <g f, we have g < f* for some fixed k.

Now, suppose that g < f¥. Since g is honest, the relation g(x) = y is elementary.
We have g(z) = (uy < f¥(2))[g(xz) = y]. Hence, g <g f since the functions elementary
in f are closed under composition and the bounded p-operator. O

The structure of honest elementary degrees is comparable to a classical computability-
theoretic degree structure, e.g., the structure of Turing degrees, but the Growth Theorem
makes it possible to abandon classical computability-theoretic proof methods and inves-
tigate this structure by asymptotic analysis and methods of number theoretic nature.
To prove that g <g f, it is sufficient to provide a fixed k such that g(z) < f*(z); to
prove that ¢ £ f, it is sufficient to prove that such a k does not exist. Thus, there
is no need! for the standard computability-theoretic machinery involving enumerations,
diagonalisations and constructions with requirements to be satisfied. This makes the
proofs concise and transparent.

3 The lattice of honest elementary degrees

Definition 3.1 Least upper bounds and greatest lower bounds are defined the usual
way, and a partially ordered structure where each pair of elements has both a least upper
bound and a greatest lower bound is called a lattice.

1VVell7 at least we can achieve a lot without resorting to such a machinery. See Section 6.



4 Honest elementary degrees

We define the join of the honest functions f and g, written max|f,g|, by

max[f, g](x) = max(f(z),g(z)) .
We define the meet of the honest functions f and g, written min[f, g, by
min[f, g](z) = min(f(z),g(z)) -
O

Lemma 3.2 Let f and g be honest functions. Then, max|f, g] and min[f, g] are honest
functions.

Proof. Tt is trivial that max[f, g] and min[f, g] are monotone and dominate 2*. To verify
that max[f, g] and min[f, g] have elementary graphs, observe that max|[f, g|(z) = y holds
iff

(f(z) =y AEFi<y)lglx) =i]) vV (g(z) =y AEi <y)lf(z) =)
and that min[f, g|(z) = y holds iff

(f(z) =y A (Vi <y)lg(x) # i) V (g9(x) =y A (Vi <y)[f(x) #i]) .
The relations f(z) = y and g(x) = y are elementary. Furthermore, the elementary

relations are closed under bounded quantification and the operations of the propositional
calculus. Hence, both max|f, g](z) = y and min[f, g](x) = y are elementary relations. [J

Lemma 3.3 Let f and g be honest functions. Then, we have
min(f™(z),¢"(x)) < min[f,g]"™""(z) .

Proof. We prove this lemma by induction on m 4 n. The lemma holds trivially when
m = 0 or n = 0. Now, assume that m > 0 and n > 0. Then, w.l.o.g. we may assume
that min[f, g](x) = f(x). Together with the induction hypothesis this yields

min(f™ (), ¢"(x)) < min(f"(f(@)),g" (f(2) <
min[f, /""" (f(2)) = min[f, g™ " (x)
O

Lemma 3.4 Let f,g,h be honest functions. (i) min[f,g] <g f and min[f,g] <g g. (i)
If h<g f and h <g g, then h <g minl[f, g].

Proof. We prove (ii). Assume h <g f and h <g g. By the Growth Theorem we have
m,n such that h(xz) < f™(z) and h(z) < ¢"(z). By Lemma 3.3, we have

h(z) < min(f™(x),¢"(z)) < min[f, g]" ™" (z) .
By another application of the Growth Theorem, we have h <p min[f, g]. This proves
(ii). The proof of (ii) is straightforward by the Growth Theorem. O

Lemma 3.5 Let f,g,h be honest functions. (i) f <g max[f,g] and g <gp max|[f,g|. (i)

Proof. Both (i) and (ii) follow straightforwardly from the Growth Theorem. O

Lemma 3.6 For any honest functions f, f1,g9,q91 such that f <g f1 and g <g g1, we
have (i) min[f, g] <p min|[fi, g1] and (i) max[f, g] <gp max[f1,¢1].

Proof. Now, <p is transitive, and thus, (i) follows immediately from Lemma 3.4, and
(ii) follows immediately from Lemma 3.5. O
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Our previous lemma entails that

(f=phH N g=pg) = (max(f,g] =g max([fi,g1] A min[f,g] =, min[f1, g1])
when f, f1,9,91 are honest functions. By Lemma 3.2, we know that max[f,g] and
min[f, g] are honest functions whenever f and g are. Hence, the next definition makes
sense.

Definition 3.7 Let f and g be honest functions such that deg(f) = a and deg(g) = b.
We define the join of a and b, written aUb, by aUb = deg(max[f, g]). We define the
meet of a and b, written aNb, by aNb = deg(min[f, g]). O

Theorem 3.8 (Distributive Lattice) The structure (H,<,U,N) is a distributive lattice,
that is, for any a,b,c € H, we have (i) aNb is the greatest lower bound of a and b
under the ordering <; (ii) aUDb is the least upper bound of a and b under the ordering
<; (Wi)aU(bNnc)=(aUb)N(aUc) andan(bUc)=(anb)U(anc).

Proof. 1t follows from Lemma 3.4 (i) that an b is a lower bound of a and b, and by
Lemma 3.4 (ii), aN b is indeed the greatest lower bound of a and b. This proves
(i). The proof of (ii) is symmetric: use Lemma 3.5 in place of Lemma 3.4. Finally,
(iii) holds since max(z, min(y, z)) = min(max(z,y), max(x, z)) and min(z, max(y, z)) =
max(min(z, y), min(z, z)). O

Let a and b be two degrees such that a < b. Now, we do not necessarily have f < g for
any f € a and g € b. But there will always be some f € a and some g € b such that
we have f(z) < g(x), or even f(z) < g(x), for all . This is consequence of the lemmas
above: Pick an arbitrary f; € a and an arbitrary g; € b, and let f = min[fi, g1] and
g = max|f1, g1]. Now we obviously have and f(z) < g(z) < ¢g?(x) for all z, but we also
have f € a and g,¢% € b.

Theorem 3.9 (Density-Splitting) Let a and b be degrees such that a < b. Then, there
exist incomparable degrees cg and c1 such that a=cogNcy and b =coUc;.

Proof. Pick honest functions f and g such that deg(g) = a < b = deg(f) and g(z) <
f(x). We define the sequence dy < d; < do < .... Let dy = 0, let dg; 11 be the least y
such that

() <y [f(2) <y A Bw<2)[dy <w A g'(w) < f(w)]]

and let dg;y2 = f(dai+1). Next we define the functions hg and h;. For j € {0,1} let
hy(x) = max(H,(x), g(x)) where

H,(z) = f(z) if dgit2) < o < dgigroy41 for some 1
N Hy(z— 1) otherwise

Since f £ g, there will for each 4 exist infinitely many z such that ¢*(z) < f(z). Thus,
there will always be a number satisfying the definition of ds;11, and thus the sequence
do < dy < dy < ...is well defined.

We will now prove that h; and he are honest functions. First, we will argue that
the relation d; = y is elementary. This is not obvious as a relation like ¢'(w) < f(w) is
not necessarily elementary even if f and g are honest functions. However, the relation
g'(w) < f(w) < y will be elementary (in i, w and y) whenever g and f are honest. Now,
the statement (}) involved in the definition of d; = y is equivalent to

F<y[f) <y A Buw<z)[dy <w A g'(w) < flw) <yl
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Moreover, the elementary relations are closed under primitive recursion, bounded quanti-
fiers and propositional operations. Thus, d; = y is indeed an elementary relation. When
we know that d; = y is elementary, it becomes easy to see that hy and h, have elementary
graphs. Furthermore, it is obvious that hg and h; are monotone and dominate 2%, and
thus, we are dealing with two honest functions.

Next, we will prove that min[hg, h1] =g ¢, that max[hg, h1] =g f, and that hy |g h;.
The theorem follows.

We start by proving min|hg, h1] =g g. By the Growth Theorem it suffices to prove
that min[hg, h1](xz) = g(z). Assume we have dy;19 < x < dyi14. Then

ho(x) = max(Hy(z),g(z)) def. of ho
=  max(Hy(dg+1),9(x)) def. of Hy
= max(f(dgit+1),9(z)) def. of Hy

= max(dy42,9(x)) def. of daito

max( ( )) as daito < x

= g as g(a) > 2°

A symmetric argument shows that hi(x) = g(z) when there exists ¢ such that dg; <
x < dygi+o. Hence, for any x, we either have ho(z) = g(x) or hi(xz) = g(z), and since
minlhg, h1](x) > g(x), we can conclude that min[hg, hi|(z) = g(z). This proves that
minlho, h1] =g g.

Our next task is to prove that max[hg, h1] =g f. It follows straightaway from our def-
initions that we have max|hg, h1](x) < f(z). We will prove that f(x) < max|hg, h1]?(z),
and thus, we have max|hg,h1] =g f by the Growth Theorem. The proof of f(z) <
max[hg, h1]%(z) splits into two cases. Case (i): When x is in the interval do; . .. dg;41 — 1
for some i, we have f(z) < max|hg, h1]%(z) as either hg or hy will equal f in this interval.
Case (ii): Assume z is in the interval dg;;q ... dg2;+2 — 1 for some i, and note that

(*) ho(dj) = f(d;) or hi(d;) = f(d;)

holds for any j. We have

f(x) < f(dait2) f is monotone
= max[hg, h1](d2i+2) *)
= max[hg, h1](f(d2i+1)) def. of daito
= max|hg, h1)*(dois1) (*)
< maxlhg, h1]?(z) max[ho, h1] is monotone

This completes the proof of max[hg, hi] =g f.

Finally, we prove hg |g h1. Fix an arbitrary m € N. We will argue that there exists x
such that hy'(z) < hi(x). Let k > 2m. By the definition of ds3 there exists a number
xk in the interval dggyo,. .., dsg+3 such that

(1) dyprs < g™(xr) < F(xn) < flzg) < dapes -
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Now, since dypro < zx < ¢%(zp) < dapes, it follows from the definitions of hg and
HO that

(1) ho(g(z)) = max(Ho(g (), 99" (z1)) = max(Ho(dary1), 9" (z1)) =

max (a2, 9" () = max(zy, g™ (2x) = g™ ()
holds for any ¢ < k. When we combine (1), (1) and the definition of hy, we get h§'(zr) =
g™ (xx) < g"(x1) < f(x) = hi(xr). This proves that, for any m, we can find « such that
hg*(z) < hi(z). By the Growth Theorem, we have hy £g ho. The proof that hg £g hi
is symmetric. Hence, hgy |g hy. O

Results being obviously equivalent to Theorem 3.8 and Theorem 3.9, are proved by
Machtey [11, 12] by traditional computability-theoretic methods.

4 A jump operator on honest elementary degrees

We will now define an operator - transforming an honest function f into a faster increas-
ing honest function f’. This operator will be called the jump operator.

Definition 4.1 For any honest function f, we define the jump of f, written f', by
f'(@) = 4 (@). -
Lemma 4.2 Let f be an honest function. Then, f’ is an honest function.

Proof. Tt is obvious that f’ is monotone and dominates 2%. Let ¢(z,y) be an elementary
function that places a bound on the code number for the sequence (y,y,...,y) of length
x + 1. Then, f/'(x) =y is equivalent to

(Fs <(z,9)[(s)o = f(z) A (Vi <x)[(s)it1 = f((s)i)] A (s)a =]
Thus, the relation f’(z) = y is elementary since all the functions, relations and operations
involved in this expression are elementary. This proves that f’ has elementary graph. [

Lemma 4.3 (Monotonicity of the Jump Operator ) Let f and g be honest functions.
Then, we have

9<ef = gd<pf.
Proof. Suppose g <pg f. By the Growth Theorem, we have a fixed k such that g(z) <
f¥(x). Now
g(x) = g"(x) < (@) < fEI R+ k) = fka+ k) < (f)@)
and ¢’ <g f’ follows by another application of the Growth Theorem. O

Lemma 4.3 entails that f/ =g ¢ whenever f and g are honest functions such that
f =g g. Hence, the jump operator on the honest functions induce an operator on the
honest elementary degrees.

Definition 4.4 For any honest elementary degree a, we define the jump of a, written
a’, by a’ = deg(f') where f is some honest function such that a = deg(f). Furthermore,
we define the zero degree, written 0, by 0 = deg(2"). O

The proof of the next theorem is straightforward. See, Kristiansen [5] for the details.

Theorem 4.5 (Canonical Degrees) We have 0 < 0' < 0” < .... Furthermore, 0 is the
least degree, that is, 0 < a holds for any degree a.
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The jump operators of classical computability theory are defined by enumerating all the
functions reducible to an oracle function f, e.g., the Turing jump J(f) of the function
f is defined by J(f)({e,z)) = {e}f () where {e}/ denotes the e function Turing
computable in f and (-,-) is a computable bijection from N x N into N. Jump operators
based on enumerations are considered to be natural. The reader should note that our
jump operator is equivalent to such a natural jump operator of classical computability
theory: Let {[i]/ };en be an elementary enumeration of the functions elementary in the
honest functions f, and let J(f)({e,z)) = [e]/ () where (-,-) is an elementary bijection
from N x N into N. Then, we indeed have f' =g J(f). For a proof and further details,
see [5] and [6].

However, in our context, the advantage of defining f’ as an iteration of f is obvious:
The Growth Theorem is very well suited for dealing with a jump operator based on
iterations; we can introduce the canonical degrees 0,0’, ..., and proceed the development
of our degree theory, without resorting to enumerations and the apparatus of classical
computability theory.

Definition 4.6 We define the n*® jump of an honest degree a (function f), written al”l
(f"), by a% = a and al" ™ = al"V (fO0) = f and fH) = ) A degree a strictly
below 0 is low,, if al"l = 0", and high,, if al") = ol+1]. O

Our strategy for proving the existence of low,, and high, degrees, will be as follows:
First we provide degrees a; and ay, strictly between 0" and 0"+ such that ay = oln+1]
aj, = 0"*+2 Thereafter we prove that for any degree b strictly between 0+ and 0lF+2,
we can find a degree c strictly between 0¥ and 0%+ such that ¢/ = b.

Theorem 4.7 Let f be a strictly monotone and honest function. Then, there exists an
honest function g such that f <g g and ¢ =g f'.

Proof. Let g(x) = f'f(f)!(x) where (f')~! denotes the inverse of f’ given by

(f) M) = (ui)[f'(5) = 2] -
Since f’ is strictly monotone, we have (f')~!f’(z) = x and f'(f’)~!(x) > z. Furthermore,

we have g(z) =y iff

(Fu,v <) [(Vw <u)[f'(w) <a] A flu) =z A flu)=v A fi(v) =y]

and thus, it is easy to see that the graph of ¢ is elementary. It is also easy to see that g
is monotone and dominates 2*. Hence, g is an honest function.
Now, f(z) < ff/(f)"z) < f'f(f) " (x) = g(x), and for any fixed k and sufficiently

large =, we have

)y < U He)
= fEpUT@HL(() (@) def. of f’
< U@ (K4 ()7 ()
= flk+(f) ) def. of f'
< f/(f(f/)fl(x)) f(z) > 2% and x is large
= g(ac) . def. of g

Hence, we have f <g g by the Growth Theorem.
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Next, we observe that g*(z) = f'¢*(f')~!(x) for any k > 0. This is trivially true
when k£ = 1, and, by an induction hypothesis, we have
g @) = 9" (@) = gf' 1 () (2) =
PR @) = P @)
Thereby, ¢'(x) = g°+1() = f/f=H(f)" (z) < f'f=+(x) = f'f'(x), and then we have

¢ <g [’ by the Growth Theorem. Since f <g g, we also have ¢’ =g f’ by the mono-
tonicity of the jump operator. O

Theorem 4.8 Let f be an honest function. Then, there exists an honest function g such
that g <g f' and ¢ =g f".

PT’OOf. For anyi S N, let d3i+1 = f”(dgl'), let d3i+2 = f’(d3i+1), and let d3i+3 = f/(d3i+2).
Let dy = 0. Furthermore, let

G(z) = f(z) if ds; < x < ds3;41 for some ¢
Y7 Gz —1) otherwise

and let g(z) = max(G(x), f(z)). It is easy to check that g is honest.
First we prove that 1" =g ¢'. Observe that for any j < d3;y1 + 1, we have dg; <
(fY(ds;) < ()%t (ds;) = f"(d3i) = dzi;1. Hence, by the definition of g, we have

(*) F(dsi) = (f) B (dsi) = g™ (dss) = ¢ (dss)

for any ¢ € N. Now, let = be arbitrary and let ¢ be the unique number such that
ds; <z < d3i+3. Then

(g/)4(x) 2 (9/)4(d3i) as ¢’ is monotone
= (¢)f"(dsi) ()
= (¢)*(dzis1) def. of dgis1
> (9)(f)*(d3iz1) as f(z) < g(z)
> (9')(dzits3) def. of ds; s
= f"(dziy3) *)
> f(x) as f" is monotone

This proves f” < (¢')*, and f” <g ¢ follows by the Growth Theorem. Moreover, since
g < f', we have g <p f’, and thus also ¢’ <p f” by the monotonicity of the jump
operator. This proves that f” =g ¢'.

Next we prove that g <g f’. It is obvious that g <g f’ since g(z) < f'(x). Hence,
we are left to prove that f’ £p g. Assume d3; 12 < = < d3;13. Then, straightaway form
the definition of g and the sequence {d;};cn, we have

g(x) = max(G(z), f(z)) = max(G(dziy1), f(2)) =
max(f'(dsi+1), f(2)) = max(dsisa, f(2)) = max(z, f(z)) = f(2)

that is, g(x) = f(x) holds for any z in the interval ds;io,...,ds;+3 — 1. Let k be an
arbitrary fixed number, and pick any ¢ such that ds;+2 + 1 > k. Then,

dzivs = f'(dgit2) = f9+2 N (d3iv0) > fF(dzire) = 9% (dita) -
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The last equality holds since we have ds; o < f¢(dsiy2) < d3ir3 when £ < k. This, proves
that for any fixed k there exists x such that f’(x) > ¢*(z), and thus the the Growth
Theorem yields ' g g. O

Corollary 4.9 For any n, there exists degrees a, and ay, strictly between 0™ and 0 +1]

such that aj, = ot and aj, = oln+2]

Proof. Let f be an honest function such that deg(f) = 0", By Theorem 4.7, we have
an honest function gy such that f <g go and [ =g g. Let a; = deg(gp). Then we
have 0" < a, < ol*1] = aj,. By Theorem 4.8, we have an honest function g; such
that gy <p f and f” =g ¢|. Let a; = deg(g1). Then we have 0" < a;, < 0"+ and
oln+2 — aj. (The monotonicity of the jump operator assures that a; < 0"+ and that
O[n] < ah.) ]
Theorem 4.10 (Jump Inversion) Let f and gy be honest functions such that f' <pg
go <g f". Then, there exists an honest function h such that h <g f' and I/ =g go.

Proof. Since f is honest, we have f'(z + 1) > 2/'(®) (and we also have f'(z) > 22.,).
Furthermore, we can w.l.o.g. assume that we also have go(z + 1) > 29(*)_ If this should
not the the case: Then, let g;(0) = go(0) and g;(z + 1) = max(29®) max[go, f'](z + 1)).
Then we obviously have max[go, f’] < ¢g1. Furthermore, for some u,v < x we have
gi(z) = omaxleoS1) < 22:§{Z§:§,%8+1 < max[go, f'] max[go, f'](z) .
Thus, we have max|gg, f'] =g g1 by the Growth Theorem, moreover, since ' <g go, we
have gy =g ¢g1. This shows that we may replace gg by g1 to ensure that go(x+1) > 290(x)
We define the function g by recursion on its argument z. Let g(0) = go(0) and let

'y +1) where y is the least number s.t.

gz +1) = g(x) < f'(y) < f"(y +1) < go(z +1)

go(z+1) if such y does not exist.

(Claim I) The function g is honest and
(a) 9=k 90
(b) g(x) < f"(y) = g(z +1) < f"(y + 1) for any 2,y € N.

It is easy to see that g is an honest function, and Clause (b) of the claim is a
straightforward consequence of the definition of g. We will now argue that g(z + 1) <
go(x+1) < g(2z+1), and thus, Clause (a) follows by the Growth Theorem. It is obvious
that g(z + 1) < go(z + 1). In order to verify that go(x + 1) < g(2x 4+ 1), we observe that
there might, or might not, exist £ > 0 and a sequence vy, . .., y¢ such that

9@) < f'yo) < fy) < oo < fye) < golz+1) < flyet+1).

If such a sequence does not exist, we have g(z +1) = go(x + 1) and thus also go(z +1) <
g(2z + 1). If such a sequence exists, we have g(z + i) = f"(y;) for y = 1,...,¢ and
g(x + £+ 1) > go(x + 1). Moreover, since go(z) < f”(z) holds for any z, the sequence
Yo, - - - , Y¢ cannot be very long, indeed, ¢ < x. Hence go(z+1) < g(z+0+1) < g(z+z+1).
This completes the proof of (Claim I).

For any injection ¢, we define the function Zy by Zy(x) = max(Ss(x),2%) where
S¢(0) =0 and

Sy(z) = { o(i+1) if 2 = ¢(i) for some ¢
¢ Sp(x — 1) otherwise
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when 2 > 0. The straightforward proof that 7, is an honest function whenever ¢ is an
honest function, is left to the reader. We will prove that I; =g g and Z, <g Zy» and
I <p f'. Our theorem follows from these facts as we have gy =g g by Claim I(a).
(Claim II) For any honest function h where h(z +1) > 2% we have
(a) h(z +1) = Zp(h(z))
(b) h(i) <z < h(i+1) = Ip(r) = max(h(i + 1), 2%).
Clause (a) of this claim holds since
Tn(h(z)) = max(S,(h(z)),2"®)) = max(h(z +1),2"®) = h(z+1)
and Clause (b) follows easily from Clause (a) and the definition of Zj,.

We will now prove that Z; = g. Since g(z +1) > 29®)  we have g(z) = Z;(9(0)) by
Claim II(a). Hence, it is easy to see that there exists fixed m, n such that (Z)™(z) > g(z)
and ¢"(z) > T)(x) (recall that Z/ (x) = Z¢*!(x)), and thus, the Growth Theorem yields

Next we prove that Z, <p Zy». By the Growth Theorem, it suffices to prove Z, < T 2,.
Pick and arbitrary z. If Z,(z) = 2%, we have Z,(z) < Z%,(z) as f” grows sufficiently
fast. Now, assume Zy(x) # 2. Fix the unique ¢ and j such that g(i) <z < g(i + 1) and

f"(5) < g() < f"(j +1). Now

I]%” (x) > IJ%/(f”(j)) as I}, is monotone and z > f”(j)
= f"j+2) Claim II (a)
> g(i+1) Claim I (b) and g(i) < f”(j + 1)
= Zy(z). Claim 1II (b)

This proves Z, <p .

Finally, we will prove that Zy» <g f’. Indeed, we will prove something stronger
(given the Growth Theorem), namely that we have Zj, < h? for any honest function h
where h(x + 1) > 2%, For such an h, we have

) T (@) = K@+1) = P +1) < Rt ) = b0 ().

Claim II assures that the first equality of (*) holds. The remaining relations of (*)
hold trivially. Now, pick any z and fix the unique 7 such that h'(i) < x < h'(i +1). If
Ty (x) = 2%, then Iy (z) < h?(x) holds trivially. If Zp,(z) # 2%, we have Tp (z) = h/(i+1)
by Claim II (b), and thus

Iw(x) = H@E+1)
= Ip(K(®3)) Claim II (a)
< RAK(i) (*)
< hQ(x) . as ¢ > h/(4)
This completes the proof of the theorem. O

Corollary 4.11 Let a be a degree strictly between 0" and 0012, Then, there exists
a degree b strictly between 0 and 01 such that b’ = a.

Proof. Let f,g be honest function such that deg(f) = 0! and deg(g) = a. We can

w.l.o.g. assume that f(x) > 27, ,. Now, Theorem 4.10 yields an honest function h such
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that h < f and ' = g. Let b = deg(h). Then, we have b’ = a, and by the monotonicity
of the jump operator we also have 0" < b < oln+1, O

The next corollary follows straightforwardly from Corollary 4.9 and Corollary 4.11.

Corollary 4.12 (Low and High Degrees) For any n € N, there exists a degree which is
lowy,, and there exists a degree which is high,,.

Clause (i) of the next theorem is also proved in [5], whereas (ii) is stated as an open
problem in [5].

Theorem 4.13 (i) For any degrees a and b, we have a’ Ub' < (aUb)’. Moreover,
there exist a and b such that a’ Ub' = (aUDb), and there exist a and b such that
a’Ub’ < (aub)’. (ii) For any degrees a and b, we have a’ N b’ = (anb)’.

Proof. We start by proving (ii). Now, a > a N b holds in any lattice, and thus, by the
monotonicity of the jump operator, we also have a’ > (anb)’. By the same token, we
have b’ > (anb)’. Hence, as a’ Nb’ is the greatest lower bound of a’ and b’, we have
a’Nb’ > (anb)’. We will now prove that a’Nb’ < (aNb)’ also holds. Let f, g be honest
functions such that a = deg(f) and b = deg(g). We have

min(f",¢'[(z) = min(f'(z),d'(z))
= min(f*(x), g"(2)) def. of the jump
< minl[f, 2(x+1)(x) Lemma 3.3
< minlf, min[f,g]/(x)—l—l—i—x—i—l(x)

il gl @+ (min[f, g)' ()
"min[f, g)'(x)
and thus, by the Growth Theorem, we have min[f’, ¢'| <g min[f, g]’. This proves a’Nb’ <
(anb)’, and (ii) follows.

We turn to the proof of (i). The proof of 8’ Ub’ < (aUb)’ (for any degrees a,b) is
symmetric to the proof of a’ b’ > (aNb)’ given above. Furthermore, it is obvious that

there exists degrees a, b such that a’Ub’ = (aUb)’. The existence of a and b such that
a’Ub’ < (aUb)’ is a consequence of the following claim.

I
EEE E
B B

S o o o

g]
g]
fr g @ min[f, )7 (x)
g]
gl

= minl[f,

(Claim) For any degree ¢ > 0/, there exist degrees a and b such that
c=aUb=a' =D
By this claim, we have degrees a, b, c such that
aub’ = cUc = ¢ < ¢ = (aub).

To prove the claim, let ¢ be a degree above 0’, and let f be an honest function such
that deg(f’) = c¢. Such a f exists by Theorem 4.10. Define the sequence {d;};cn by
do = 0 and d; 1 = f'(d;); define the functions G and H by G(0) = H(0) = 0 and, for
x >0, by

| fl(=) if x = dy; for some 17
Glz) = { G(z —1) otherwise

(@) if x = dg;41 for some 4
H(w) = { H(z —1) otherwise
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and, finally, let g(x) = max(f(z),G(x)) and h(x) = max(f(z), H(z)). It turns out that
the claim holds when a = deg(g) and b = deg(h). The proof that this indeed is the case
is nontrivial, and the details can be found in [5]. O

An intermediate degree is a degrees below 0’ that, for any n € N, are neither low,, nor
high,,. We conclude this section by a theorem stating the existence of an intermediate
degree.

Theorem 4.14 There exists a degree a such that, for any n € N, we have ol < al! <
O[nJrl].

Proof. Let f(x) = 2*. Define the sequence {d;}icn by do = 0 and d;y1 = f%)(d;); define
the function G by G(0) = 0 and, for > 0, by

G(z) = f'(x) if d3; < x < dg;41 for some 4
= G(x — 1) otherwise

and let g(z) = max(f(z),G(z)). Now, g is an honest function, and f < g < f’. By the
Growth Theorem, we have

0 = deg(f) < deglg) < deg(f) = 0.

By the monotonicity of the jump operator, we have 0" < deg(g)["} < 01U for any
n € N. It remains to prove that deg(g)l" £ 0l and 0"t £ deg(g)!". The details can
be found in [7]. O

5 On cupability and capability

Definition 5.1 A degree a cups (up) to a degree b if there exists ¢ such that ¢ < b and
aUc =b. A degree a caps (down) to a degree b if there exists ¢ such that b < ¢ and
anNnc=bhb.

Next we define the binary relation < on honest functions. A function p: NxN — N
is a universal for an honest degree a = deg(f) if for every{ : N — N such that £ <g f, we
have () = p(n,x) for some n € N. The relation f < g holds if there exists a universal
function p for the degree deg(f) such that p <gp g. We will also use < to denote the
corresponding relation on honest degrees. O

The situation a < b implies that a < b, but there exist degrees a, b such that a < b
and a <« b. The next lemma gives a characterisation of the <-relation.

Lemma 5.2 Let g and f be honest functions. Then (1) and (2) are equivalent.
(1) g<f
(2) there exists m such that, for any k, we have we have g*(x) < f™(z) for all but
finitely many x.

Proof. To prove this lemma, we need a refined version of the Kleene Normal Form The-
orem. We assume the reader is familiar with the computable functions, indezes for
computable functions, computation trees and other well-known concepts in computabil-
ity theory. When e is an index for the computable function f, we adopt the traditional
abuse of notation and write {e}(Z) both for (i) the computation of f(Z) associated with
e and for (ii) the eventual result of the computation. Let & be a function such that
U({x1,...,Tm)) = Tm, i.e. a function giving the last coordinate of a sequence number.
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Let 7 be the Kleene predicate, i.e. the predicate 7 (e, (x1,...,2,),t) holds iff ¢ is a com-
putation tree for {e}(xy,...,zy). The relation 7 is elementary, so is the function U, and
for each total computable function ¢ we have

O, .., xn) = {ed (@1, ..., xn) = U(uz[T (e, {x1,...,2p),2)])

when e is a computable index for ¢.

Claim (Normal Form Theorem). An n-ary function ¢ is elementary
in an honest function f iff there exist a recursive index e for v and a
fixed number k such that

{e}(x1,...,2n) = U(py < fk(max(xl,...,a:n))[’]'(e, (1, 20),y)]) -

We sketch a proof of this claim: Assume

(@) = {e}(@) = Uluy < fF(max(@))[T (e, (7),y)]) -

The predicate 7 is elementary, and & and max are elementary functions. The elementary
functions are closed under composition and the bounded p-operator. Thus, v is elemen-
tary in f. To prove the other direction of the equivalence, assume that ¢ is elementary
in the honest function f. Then, ¥ can be build from the functions 0,S,Z]*, max and f
by composition and bounded primitive recursion. Complete the proof of the claim by
induction on such a build-up of . (The details can be found in [6].)

We will now turn to the proof of the lemma. Fix m such that, for any k, we have
g*(z) < f™(z) for all but finitely many z. Then, for every k, there exists nj, € N such
that

(*) g (x) < mp+ ")

holds for all z. Let & be any unary function elementary in g. By the claim we have an
index e for &, an elementary predicate 77, an elementary function I/ and a fixed £ € N
such that

£) = U((pt < g'(@)[Tilex,1)]) -
By (*), we have ny € N such that

@) = U((ut < g @)[Tile,z.1)]) = Ul(ut <ne+ (@) Tilex,1) .

Let p({e,n),z) =U((ut < n+ f™(x))[T1(e,z,t)]). Then, we have p <g f, and for every
unary function £ elementary in g, there exists n such that £(x) = p(n,z). This proves
that (1) implies (2).

Assume g < f. Then, there exists a function p such that p is a universal function
for deg(g) and p <g f. Let ¢(x) = (max;<, max,< p(4,)) + 1. Then, we have ¢ <p f,
and hence, there exists m such that (x) < f™(z). It is easy to see that for any unary
function ¢ elementary in g, we have ¢(x) < (x) < f™(z) for all but finitely many x.
Thus, for any k, as g* <g g, we have ¢¥*(x) < f™(z) for all but finitely many x. This
proves that (2) implies (1). O

The next theorem was proved for the first time in [8].
Theorem 5.3 If0 < a < b, then a cups to b.

Proof. Let f and g be honest functions such that deg(f) = a, and deg(g) = b, and
f < g. Define the sequence {d;}ien by do = 0; doir1 = g(d2;); and dojro = f(d2it1)-
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Furthermore, define the function h by h(z) = max(H (x),2%) where H(0) = 0 and, for
x>0
_ g(=) if x = dy; for some i
H(z) = { H(x —1) otherwise.
It is possible to prove that h is an honest function such that max[f,h| =g g and g £g h.
The details can be found in [8]. O

We have tried hard to strengthen Theorem 5.3 by proving that a cups up to b whenever
0 < a < b. We have not succeeded, and thus it remains an open problem if there exist
degrees other than 0 that do not cup up to degrees above them. However, with a possible
exceptions of some degrees not being <-above 0, any degree cups up to any degree above
it, and thus, “cups up to” is a not a very restrictive relation. We will see that the relation
“caps down to” is a far more restrictive.

Lemma 5.4 Let g, f be honest functions such that f caps to g and g < f. Then, there
exist a fived ¢ € N such that for each k, we have fF(x) < g®*(x) for infinitely many x.

Proof. Since f caps to g we have an honest h such that min[f, h] <g g. By the Growth
Theorem, we can fix a ¢ € N such that min[f,h] < ¢°. Now, as min[f,h] and ¢ are
monotone, we also have min[f, h]¥ < g (for any k). Moreover, as we have assumed
g < f, we have min[f,h]F < g% < f°* (for any k). As f caps to g by h, we have
h £ f, and thus, by the Growth Theorem, for any ¢,k € N we have infinitely many

values xg, 1, 29, ... such that f*(x;) < h(x;). For each z; of these values, we have

() min[f, h"(z;) < g% () < fF(@) < h(wi) .

This entails that min[f, h)*(z;) = f¥(x;). If not, (*) yields a contradiction. Thus, (*)
entails that f*(z;) < g% (x;) for each x; in the sequence xg,z1, x, . . .. O

Theorem 5.5 Ifa < b, then b does not cap to a.

Proof. Assume that deg(g) = a < b = deg(f) and that b caps to a. We can w.l.o.g.
assume g < f. Since a < b, Lemma 5.2 yields a fix m such that for any k, we have
g*(x) < f™(x) for all but finitely many x. Since b caps to a, Lemma 5.4 yields a
fixed ¢ such that for each k, we have f¥(x) < ¢°(z) for infinitely many z. This is a
contradiction. O

It is natural to ask whether the converse of Theorem 5.5 also holds, that is, do we have
a < b if, and only if, b does not cap to a? (This was stated as an open problem in [7].)
The next theorem gives a negative answer to this question.

Theorem 5.6 There exist degrees a < b such that b does not cap to a even if we have
a < b.
Proof. Let f be an honest function such that f(z) > 2%. We will construct an honest
function g and prove the two following claims.

(Claim I) For any m, we have g™ (z) = f™(z) for infinitely many z.

(Claim II) For any m, we have g™ (z) < f3+1(z) for all but finitely

many .

Let v(k) equal 1 plus the exponent of 2 in the prime factorisation of k + 2. Thus, v
is an elementary function. (Any elementary function ¢ such that the set {x | ¢(z) = n}
is infinite for all n > 0, could replace v in this proof.) For each k € N, we will define a
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sequence dg o < dg1 < ... < dy,(r)2. Moreover, for each k, we will have dj, , )2 < dg+1,0-
Let doo = 0. For each j € {1,...,v(k)?}, let

{ fdij—vy) if v(k) divides j
dk,j = ’

2%k.5-1 otherwise
and let diy10 = f'(dg,(r)2). Furthermore, let

G(z) = dgiv1  ifdry <o <djipq for some ki
)= dpvky2 i dy a2 <o <dgyrp for some k, i

and let g(z) = max(2*,G(z)). This completes the construction of g. The reader should
note the following properties of g (and f):

(P1) g(dg;) = dk i1 for any k and any i < v(k)?

(P2) for any k and any i < v(k)?, we have g(dx;) = f(dx,) if v(k) divides i

(P3) for any k and any i < v(k)2, we have g(dx ;) = 2% if v(k) does not divide i
(P4) ¢"W (dyo) = dy, yry2 = f*®(dpo) for any k

_ ok

(P5) for any m, we have g™ (dj, ,(1)2) < dj+1, for all but finitely many k.

These five properties is more or less straightforward consequences of the construction of
g, in particular, to see that (P5) holds, note that di11,0 = f'(dk,)2) and f(z) > 27.
(Claim I) follows straightaway from (P4). For any m we have gm2(dk70) = f™(dgp)
for each of the infinitely many k’s such that v(k) = m. We turn to the proof of (Claim
IT). The proof splits into the two cases: the case when z lies in an interval of the form
dy,0,- - i p(k) — 1, and the case when z lies in an interval of the form dj, 1), - - -, dg+1,0—

We will first prove that we have g™ (z) < f3™1(z) when x is sufficiently large and
lies in an interval of the form dgp,...,d; ) — 1. The proofs splits into the the two
sub-cases m > v(k) and m < v(k). First, assume that m > v(k). We have

() = fEmr)—k) prk) ()
> fOmA—vk) prk) (g, o) f is monotone
= fBm+D)-vk) (dm(k)Q) (P4)
> fldru@m2) as m > v(k)
> ZZEZ;E as f(a) > 28
> 222’”('“)2 z is large
S (diu()2) (P5) and z is large
> g™ (x). g is monotone

Next, assume that m < v(k). Fix the unique ¢ such that d; < < dj;41. Since
m < v(k), there will be at most one number j in the interval i, ..., min(i + m,v(k)?)
such that v(k) divides j. Hence, by (P2), (P3) and (P5), there exist mg, m; such that

(1) g™(z) < 228 < ).
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Furthermore, g is monotone and x < dj ,(x)2, and then, by (P5), we have

(1) (@) < 9" (drp) < disio

for all but finitely many z. It follows from (1) and (%), we have g™’ (z) < f3m+1(z) for
all sufficiently large .

The reader is invited to verify that we also have g™ (z) < f3™*1(z) for sufficiently
large x lying in intervals of the form dj ,(x),-..,dg+1,0 — 1. To verify this, note that for
any = in such an interval we have g(x) = 2% whereas f(x) > 2%. This completes the
proof of (Claim II).

We will briefly now argue that g is honest an honest function. The function f is
honest by assumption. First we argue that dj ; = = is an elementary relation in k, j, z.
Let a | b denote the relation “a divides b”. This relation is elementary. We have

dpj =2 <
(7740 A v(k)|j A Fzo<z[dyj—pp =z0 A flzo) =x]) V
(7#0 N —w(k)|j N Fxo<zx([dpj1=20 N 2"°=z]) V
(j=0 A Jzo < x[dp k2 =20 A 2% =z]) Vv
(k=0 A j=0 A 2=0) .

This can be viewed as a recursive definition of dj ; = x. All the functions, relations and
operations involved are elementary. Thus, we have defined the relation di; = = by a
recursion scheme of the form

R(k>ja ,I) g QS(R(kOajO, xO)’ R(kl,jl, 561), R(kg,jg, 562))

where ¢ is an elementary predicate and kg, k1, ko < k; jo, 71,72 < k; and xg, 1,22 < .
The elementary predicates are closed under such a recursion scheme, and hence, d;, ; = =
is an elementary relation. Thus, 3k,j < z[d;; = x] is an elementary predicate. Once
we have realised that this predicate is elementary, it becomes easy to see that g has
elementary graph. Obviously, g is monotone and dominates 2%. Thereby, ¢ is honest.

We will now prove the theorem. We have ¢ <p f by the Growth Theorem since
g < f. Let m be any number. Pick z such that x > m and = = dj ()2 for some k.
By (P5), we have ¢ (z) = 27 < 2% < f(x). Hence, we have f £g g by the Growth
Theorem. This proves g <p f. (Claim I) says that for any m there exist infinitely many
x such that ¢™’(z) = f™(x). This entails that there cannot exist a fixed number n such
that we for any m have ¢"(z) < f™(z) for all but finitely many x. Thus, we have g & f
by Lemma 5.2. Finally, (Claim IT) and Lemma 5.4 entail that f does not cup to g, and
then, our theorem holds when a = deg(g) and b = deg(f). O

6 Controllable irreducibility and the pendulum theorem

Definition 6.1 A sequence of natural numbers {d;};en is elementary if the the relation
d; = y is elementary. An honest function f is controllably irreducible to a an honest
function g if there exists an elementary sequence dy < dy < do < ... such that for any k
we have g¥(d;) < f(d;) for all but finitely many 1. O

In the next theorem we assume that a function f is controllably irreducible to a function
h. We do not know how to prove this theorem if we only assume that f is irreducible to

h.
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Theorem 6.2 (Pendulum) Let f, g and h be honest functions such that f is controllably
irreducible to h and g <p f <p ¢'. Then there exists an honest function gy such that (i)
9<E 9o <g [ (and f is controllably irreducible to go), (i1) go £r h and (iii) gy =g ¢’

Proof. Let ey < e1 < ea < ... be an elementary sequence such that for any k we have
h*(e;) < f(e;) for all sufficiently large e;. Such a sequence exists since f is controllably
irreducible to h. We construct the sequence dy < dy < dy < ... by letting dy = 0 and
d;11 = e; where where e; is the least element in the sequence eg < e; < e3 < ... such
that

gdd(d) <e; A y<eFx<y[flx)=y A ¢'(z) <y] .

The sequence {d;};cn is well defined as f £ E g, and by the Growth Theorem, for each
i there exists infinitely many x such that ¢'(z) < f(x). Moreover, the sequence is
elementary as d;11 is defined from d; by elementary operations.

Let go(x) = max(S¢(x), g(x)) where S¢(0) = 0 and

_J f(2) if x = d; for some 1
Splw) = { Sf(x —1) otherwise

when x > 0. Since that f and g are honest and {d; };cn is elementary, it is straightforward
to verify that that gy is an honest function.

We will first prove that Clause (i) of the Theorem holds. Since g <p f, we can
w.l.o.g. assume that g(x) < f(x). This entails that we also have go(x) < f(x), and thus,
go <g f follows by the Growth Theorem. Moreover, we have constructed gg such that
we for each k have infinitely many x such that glg () < f(x), and thus, again by the
Growth Theorem, we have f €g go. This proves that gy <g f. Obviously, we also have
g <g go- Thus, (i) holds.

It is easy to prove that (ii) holds. In order to see that gy £g h, just observe that
for any k we have go(d;) = f(d;) > h*(d;) for all but finitely many d;, and then, use the
Growth Theorem. This completes the proofs of (ii).

(Claim) Let ¢'(d;) < = < ¢'¢'(d;). Then, g§(z) = ¢¥(z) whenever
y <.
It should not be hard to see that this claim holds: Observe that
(a) go(z) = g(z) for any z in the interval ¢'(d;),...,di11 — 1
(b) g¥(z) < d'(z) < g'(d'g'(di)) < di1.

The claim follows easily from (a) and (b).
Next we prove that gy(z) < ¢'¢’¢’(z). Pick an arbitrary = and fix ¢ such that
d; < x < d;;1. There exists a maximal number z such that z < x + 1 and

g = @@ = ¢\ ().

If z =z + 1, then gj(z) < ¢'¢’¢’(x) holds trivially. Assume z < x + 1. Now, z < z + 1
implies that d;;1 < ¢g®(x). This is easily verified by inspecting the definition of go.
Furthermore, note that we can assume that f(x) < ¢’(z). There will be no loss of
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generality to assume this as f <g ¢’. We have

ghx) = o @)
= g 909°(z)
= g5 “max(Sy(g*(x)), 997 (x)) def. of go
< gy “max(f(g*(z)),99%(x)) def. of Sy
< gy “max(f(g'(2)),d (x)) def. of ¢’ and 2z < @
< g g9 (). since f(z) < ¢'(z)

r—z !/

g'(x
g0 “9'¢g'(x) for some z < x such that d;11 < g*(x). We also
9'9'(z) < ¢'¢'(di+1), and hence, gy(z) < ¢'¢'¢'(x) follows by

This proves that g{(z)
have ¢'(di+1) < ¢'g%(x)
(Claim).

This proves that g{(z) < ¢’¢’¢'(z) holds for any z. By the the Growth Theorem, we
have g <g ¢’. Furthermore, it is easy to see that g <g go, and hence, we have ¢’ <g ¢,
by the monotonicity of the jump operator. Thus, g9 =g g. This completes the proof of
(i) 0

<
<

Before we investigate the notion of controllable irreducibility further, we will discuss
what it should mean for a degree to be controllably irreducible to another degree: The
Growth Theorem entails that if f is controllably irreducible to g, then f is controllably
irreducible to any h elementary in g. So we can say that f is controllably irreducible
to deg(g) if f is controllably irreducible to some, or equivalently all, representative(s) in
deg(g). The same cannot be said when replacing f by its degree. This motivates the
next definition.

Definition 6.3 A degree a is controllably irreducible to a degree b when some function
in a is controllably irreducible to some, or equivalently all, function(s) inb. A degree a is
not controllably irreducible to a degree b when no function in a is controllably irreducible
to some, or equivalently all, function(s) in b. A degree b is slightly above a degree a
when a < b and b is not controllably irreducible to a. O

The next theorem entails that if there exists one degree that is slightly above a degree
a, then there will be a lot of degrees slightly above a.

Theorem 6.4 Let b be slightly above a, and leta < c; < b fori=1,2. Then, co cannot
be controllably irreducible to cq.

Proof. Assume that cy is controllably irreducible to ¢; = deg(g). Then, there exist
f € ¢y and and elementary sequence dy < d; < dy < ... such that for any k& we have

g"(d;) < f(d;) for all but finitely many i. Let a = deg(h;) and b = deg(hs). We can
W.l.o.g. assume that h; < g and f < ho, and then, for any k, we have h¥(d;) < ha(d;) for
all but finitely many . This contradicts that b is slightly above a. g

The next theorem requires proof techniques based on enumerations and diagonalisations.
This is the first result we prove on the structure of honest elementary degrees that require
such techniques.

Theorem 6.5 There exists a degree that is slightly above 0.

Proof. We will construct an honest function f such that deg(f) is not controllably ir-
reducible to 0 = deg(2%). We have to prove that no function in deg(f) is controllably
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irreducible to 2. By the Growth Theorem, it is sufficient to prove that no finite iterate
of f is controllably irreducible to 2%. Besides, we have to prove that f is not elementary,
that is, we have to prove that no fixed iterate of 2* dominates f.

Thus, on the one hand, f will have to grow somewhat fast: at some point it must
be greater than any given iterate of 2¥. On the other hand, we must make certain that
no elementary sequence dy < d; < ds < ... is a witness to the undesired controlled irre-
ducibility. That involves diagonalising against all such possible sequences. Furthermore,
this diagonalisation must work for all finite iterations of f.

To improve the readability, we will throughout this proof use the notation 2,(y) in
place of 2.

We need a master list of sequences dy < d; < da < .... There is no good elementary
listing of all such total sequences, but there is one if we allow for partial (finite) sequences,
as follows. Let tg,t1,t2 ... be a listing of all elementary functions in two variables induced
by using some primitive recursive coding of the base functions and operations allowed in
the definition of elementarity. There is no universal elementary function for this listing;
that is, the relation ¢;(z,y) = z is not elementary. However, because of the simplicity of
the coding, one can code a particular computation as an integer and use that the relation

g bounds a witness that ¢;(x,y) = 2z

is elementary. For every elementary sequence dg < d; < do < ... there is an ¢ such
that ;(z,y) is the characteristic function of the relation d, = y. In the other direction,
given ¢ and g, it is elementary to see whether ¢; looks like the characteristic function of
such a sequence when considering only witnesses beneath ¢. If ¢; is not the characteristic
function of such a sequence, then eventually there will be a witness beneath ¢ showing
that. Let T; be the sequence so induced by t;, either an infinite sequence dy < d; < do <
. if ¢; is a good characteristic function, or a finite sequence if not. We will have to
diagonalise against T; if it is total without knowing whether it is total.
We now define a function f as follows. At stage n we will define f on the n*® interval
I, = [xn,xp4+1). To start, put Iy = {0}, and f(0) = 2. We use an auxiliary function
L(n) C n, which tells us at stage n+ 1 which T;’s (for ¢ < n) do not need to be attended
to. (One problem is that some 7; might always demand attention. Once it gets attended
to, it gets put on the list L, allowing other requirements to be met. It will eventually be
taken off the list and, if it remains active, will then be attended to again.) To start, put
L(0) = (). Suppose inductively that we have defined the set L(n — 1) and the function
f up to x,. We will define I,, (i.e. determine x,1), and f on I, and L(n), in several
steps. First consider Jy, o = [y, 2, (xy)] (the first sub-interval of I,,). We would like to
pick a T; to work on, if possible. So consider all j < n not in L(n — 1) for which some
z € Jppo is in the range of Tj. Choose the pair j,z for which y = 2;(z) is less than
2p41(xy), bounds a witness that z is in the range of 7}, and is the minimal such number;
if there are several choices giving the same value, pick the one with j minimal. We call
this value of j the active index for the interval I,,. Then we put f(x) = max(y,2%)
on [T, 2, (zy)]. The outcome of this action is that f grows reasonably fast (at least as
fast as 2;) from x, to that z, and no faster than that afterwards for a while. We set
L(n) = (L(n—1)U{j})\{0,...,5—1}: since j just got attended to, it can be ignored for
a while, yet allows smaller requirements to receive attention. If no such pair j, z exists,
we put f(z) = 2p41(x,) on Jpp.
Now we need to consider iterations of f, and make sure that they grow slowly. We
will define J,, j, and X}, inductively on k. J, o is already defined; let X = {0,...,n—1}.
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Suppose we have already defined the interval J,, 1 = [pk—1,Tnk) and f on Jy, p_1.
Then we put J, , = [Tk, 2n(Tn,k)) and set f(z) = 2% on this interval. If there exists
some i € Xj,_1 such that T; has a value in J,, 1, then we put X, = Xj,_;\{i}. For some
k there will be so such i (as Xy is finite and the X-sequence is monotonically shrinking).
When that happens, put x,41 = x, y+1. That completes stage n.

This completes the definition of f. To complete the proof of the theorem, we will
prove that

(1) f is honest
(2) f is not elementary
(3) no function in deg(f) is controllably reducible to a function in 0.

First we prove (1). We obviously have f(z) > 2% for every z. Furthermore, each
interval I,, contains one subinterval [z,,q] (namely for ¢ = 2;_1(2)), on which f is
constant and equal to 29, and one subinterval [z + 1, 2,,41], on which f equals 2*. Hence
in the interior of each I,, f is non-decreasing. Finally f(z,41 — 1) = 2%n+171 < 2%nt1 <
f(zp41), hence f is globally non-decreasing. It remains to show that the graph of f is
elementary. The auxiliary function L can be encoded into integers up to 2", so for a given
x we can decide what kind of interval z is in, and which values j € {1,...,n}\L(n—1) are
possible. In particular for each « we can compute the value z,, for which z,, < x < xp41,
and it suffices to compute f(z,) from these data. This is possible because we have

f(zy) =y iff

([ <n)EC<yli ¢ Lin—1) A (0 =1 A 2(0) =y] A
(V' <y)~(EFi <n)(EEC<y)[j€Lin—1) A6 =1 A 2(0)=y].

Hence, the graph of f is elementary. This proves that f is an honest function.

We turn to the proof of (2). We have to show that for every k there exists some
x, such that f(z) > 2x(x). For this it is sufficient to show that for every k there exists
some ¢ > k such that ¢ is active in some interval I,,. There are infinitely many simple
ways to describe the function z — 2%, so choose some term t, describing this function
with ¢ > k such that 2,(z) bounds a witness that Ty(x) = 2. The range of T} intersects
each of the intervals J, o. Hence, if neither ¢ nor any j > / is active for any n, then for
every n some j < / is active. Then in each step some integer is added to L(n), while
some smaller integers are removed. Eventually every integer less than ¢ is either in L(n)
or never active. (In some detail, if £ —1 is ever active, it will be put onto L(n) and never
removed, while if £ — 1 is never active then that’s fine too. Once £ —1 is settled, continue
to the stage, if any, when ¢ — 2 is active. Iterate. Since ¢ is finite, this eventually halts.)
At that point there is nothing stopping ¢ from being active, which is what we wanted to
show. This proves that f is not an elementary function.

We will now prove (3). By the Growth Theorem, it suffices to show the following
claim:

(*) Let £ € N. Then there does not exist an elementary sequence

dy < di < dy < ... such that for any k we have f'(d,,) > 24(dy,) for

all but finitely many m.
Now, for every elementary sequence dy < di < dy < ..., we have T;(j) = d, for some 1.
Thus, by (*), it suffices to show the following claim:

(**) Let £ € N, and let T; be total. Then there exists a k such that we

have fO(T;(m)) < 24(T;(m)) for infinitely many m.



22 Honest elementary degrees

The proof of (**) splits into two cases.

Case I: Ty(m) € J, , with 3 > 0 for infinitely many m. Then, for n > i we have that
such an interval J,, ; is not the last interval in the chain J,,...,J, ;. Hence f(z) =2
holds true on [T;(m), 2,,(T;(m))], and for n > £ we have f¢(T;(m)) = 2,(T;(m)).

Case II: not Case I. Then, Tj(m) € J, for all but finitely many m. If i is active
infinitely often, then for the witness z = T;(m) to this we have f(T;(m)) = 2;(T;(m)),
and £ (T;(m)) = 2i40_1(T;(m)) for i +£ < n, which suffices. If not, then i is active only
finitely often. Once i is no longer active, it is never added to L(n), but it is eventually
removed from L(n) (by the proof that f is not elementary). Once that happens, for each
interval J, o containing a value Tj(m), ¢ was not active because of some pair j, z with
2;(2) < 2;(Ti(m)). But then again we have f)(T;(m)) < 2;1,_1(Ti(m)) for i + £ < n.

This completes the proof that no function in deg(f) is controllably reducible to a
function in 0. O

Corollary 6.6 (i) There exist degrees a and b such that a is not controllably irreducible
to b and vice versa. (ii) Any countable partial ordering can be embedded in the degrees
slightly above 0.

Proof. By Theorem 6.5 and the Density-Splitting Theorem, we have a degree a slightly
above 0 and two incomparable degrees by, by such that 0 < b; < a (for ¢ = 1,2). By
Theorem 6.4, by will not be controllably irreducible to bo, and by will not be controllably
irreducible to b;. This proves (i).

Furthermore, we know any countable partial ordering can be embedded between two
degrees a and b whenever a < b. Thus, (ii) follows from Theorem 6.5 and Theorem
6.4. O

7 A XYi-complete first-order theory

In this section we give a first-order theory for deriving theorems on honest elementary de-
grees. We will prove that this theory is powerful enough to derive any true ;-statement,
that is, any true statement in the form Jz1,. .., z, A where A is a quantifier-free and does
not contain other variables than x1,...,x,. The reader should be aware that the proofs
in this section may be a bit sketchy.

Definition 7.1 Let
aUb=c = a<cAb<cAVd[a<dANb<d — c<d]

and let
aNb=c = a>cANb>c AVdjla>d Nb>d — c>d].
Furthermore, leta |b=a £ bAb<Laanda<b=a<bANa#b.
Let L be the first-order language {<,-',0}, and let T be an L-theory which in addition
standard axioms stating that < is a partial ordering, contains the following axrioms:

e Ya[0 < a] (Bottom Element)

e Va,b[a <b— d <V]| (Monotonicity)

e Vala # d'] (Strictness)

e Ya,b3c[aUb=c] and Ya,b3c[aNb = c]| (Lattice)

e Ya,b,claU(bNc)=(aUb)N(aUb)]| (Distributivity)

e Va,bla<b — Jep,cofci|eca AN egNee=a A c¢pUce =b]] (Density)
e Vadb[a<b A b =d'| (Low Degrees)
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e Vadb[b<d AV =a"] (High Degrees)
e Va,b[d' <b<d" — Fe[e<a N =Db]] (Jump Inversion)
e Va,bycla<b<d ANb¥Lc — Tdla<d<bAd=d Nd¥Zc]] (Pendulum)
e Va,bld N = (anb)].
U

Note that N and U are not symbols of the language £, but all the axioms can be reduced
to first-order statements over £ in an obvious way. That N distributes over U, that is
an(®Uc)=(anb)U (anb), follows from the axioms, see Birkhoff [1].

Definition 7.2 A sublattice L of a jump lattice is complete when
a,beL Nd <b = delL.

A lattice L is connected if for any two elements x,y € L there exists a sequence of
elements z1, ...,z € L such that

ez =2z andy =z
o 2; < zZiy1 or z; > ziy1 (forie{l,....,k—1})
]

Lemma 7.3 Let L be a finite complete and connected sublattice of a jump lattice which
is a model of T. There exists a homomorphism L — N where the jump in N is the
successor function.

Proof. If L is a complete connected lattice containing n points, then we can enumerate
the points of L as ¢y, ..., £, such that {¢1,..., ¢} is a complete and connected lattice for
all k£ < n: choose ¢; arbitrarily, and choose jumps or jump inverses of existing elements
whenever this is possible.

We prove the lemma by induction on the number of elements in L. Suppose that L
is a complete sublattice together with a homomorphism ¢ : L — N, and let £ be some
point not occurring in L. If £ is neither the jump of an element in L, nor is ¢ € L, then
we define ¢(¢) to be the maximum of {¢(x) : x < £}. Thus we have p(¢) > ¢(x) for all
x < (. Since < is transitive, this also implies ¢(¢) < ¢(z) for all z > £.

If ¢/ € L, we put ¢(¢) = p(¢') — 1. If this happen to be negative, we just increase all
values of ¢ by 1. As L is a complete lattice, there are no elements x € L with = < £.
Suppose that > £. Then 2/ > ¢/, hence ¢(z') > ('), and therefore p(z) > (). A
similar argument applies if there is some z € L with 2’ = /. ([l

Lemma 7.4 Let £ be any model of T. Let L be a finite lattice, and let a,b,c1,...,cn

elements of £ such that a < b < d' and b | ¢; for i = 1,...,n. Then, there exists an
embedding 1 : L — £ such that for any x € ¥(L) we have

ea<x<b

e x|¢ fori=1,...,n

o 7/ =d.

Proof. To prove this lemma, we must use that £ satisfies the Pendulum Axiom and the
Density Axiom. We omit the details. O

Lemma 7.5 Let L be a finite jump lattice which is contained in a model of T, and let £
be an arbitrary model of T. Then there exists an embedding 1 : L — £.
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Proof. We can w.l.o.g. assume that the lattice L is complete and connected. Let ¢ be
the homomorphism given by Lemma 7.3, and assume that n = max{p(a) | a € L}.
Furthermore, let L(k) = {a € L | ¢(a) = k}. We will call L(k) the k' level of L. We
can w.l.o.g. that there is only one element of level L(n) and that each element of level k
jumps to an element of level k + 1, that is, for each a € L(k) there exists b € L(k + 1)
such that o/ = b.

We will construct the embedding ¢ : L — £ level by level. First we construct
¥ : L(n) — £, then we construct ¢ : L(n — 1) — £, and so on. There is only one degree
a at level n, let 1(a) be an arbitrary degree strictly between 0" and o+l

Assume that we have constructed ¢ : L(k + 1) — £. We will now construct v :

L(k) — £. Let mg,my, ..., my, be an enumeration of the elements in L(k+ 1) such that
m; is a maximal element in the set {m;,...,my, }, and let
inv(a) = {b|belLk) ANb =a}.
Now, inv(myg),inv(my),...,inv(m,, ) are disjunct sets, and
L(k) = inv(mg) U inv(mq) U ... U inv(my,) .

We construct the embedding ¢ : L(k) — £ by constructing the embedding 1) : inv(mg) —
£, then the embedding % : inv(m;) — £, and so on.

Here is how to construct ¢ : inv(m;) — £ (for any i € {0,...,n;}). Pick a maximal
element a € inv(m;). The embedding 1 is now defined for all b € L such that b > a.
Let o € L be given by a = ({¢(b) | b > a}. Now we have o/ > ¢(a’) > « as L satisfies
the axiom Va,bla’ N = (aNb)]. As £ satisfies the Jump Inversion Axiom, the Low
Degree Axiom and the Pendulum Axiom, we can now find a suitable interval where we
by Lemma 7.4 can embed all elements in inv(m;) that cannot be distinguished from a
by comparing them to elements already embedded. Next we consider a maximal element
in inv(m;) not yet treated, and construct ¥ on the set of elements equivalent to this
element as we did for the elements equivalent to a. Continuing downwards in this way
we construct 1 for all elements in inv(m;). O

Theorem 7.6 (Xi-completeness) Let §) denote the L-structure of honest elementary
degrees (our standard model for T'), and let A be a X;-statement in the language L.
Then

DEA & THA.

Proof. By Theorem 7.5, we know that if a finite jump lattice does not embed into an
arbitrary model for T, the it will not embed into any model of T". Thus, a Y;-statement
A will be satisfied in all models for T if, and only if, A is satisfied in some model for T'.
By the Completeness Theorem for first-order logic, we have

DEA & TEA & THA.
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