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1. INTRODUCTION

In this paper, we are concerned with the essential self-adjomgss of Ornstein-
Uhlenbeck operators under certain drift and singular potendil perturbations. In the
nite dimensional settings, the essential self-adjointness of Seldinger operators with
singular potentials has been studied extensively and deeply thany authors (cf. Kato
[13], Reed and Simon [21], Berezanskii and Samoilenko [5] 46 some references
therein). In the in nite dimensional settings, Segal [22] and i&on [24] established
some abstract results on the essential self-adjointness of the salfeint generators of
hypercontractive semigroups with potential perturbationsover measure spaces. Some
similar results were also obtained for self-adjoint generatord LP-contractive semi-
groups with potential perturbations by Berezanskii and Samtenko [5] via a parabolic
evolution criterion. By applying these abstract criteria, Beezanskii and Samoilenko
[5] [6] were able to prove the essential self-adjointness of int&-dimensional elliptic
operators with separable variables and Ornstein-Uhlenbeck em@tors with singular
potentials, on domains of de nition consisting of smooth functins, via the nite
dimensional approximation method. The question of essential &aldjointness for in-
nite dimensional operators with potentials has also been disssed in [8], [11], [14],
[12] and [19]. In [8], Daletskii showed that a Schredinger opator with respect to



a Gaussian measure is self-adjoint if the potential is twice direntiable and semi-
bounded on some admissible set. In [11], Frolov proved the essdnsi@lf-adjointness
of a Schredinger type operator in a rigged Hilbert space undehe assumption that
the potential is locally bounded. This result was further gegralized to Dirichlet op-
erators with respect to certain smooth measures in the sense of kapby Kondratiev
and Tsycalenko [14]. Moreover, in [14], Kondratiev and Tasylsmko also proved the
essential self-adjointness of Dirichlet operators (with smoottirift coe cients) under
LP-potential perturbations (p > 2) by using an in nite dimensional version of Kato's
inequality. In [12], Kazumi and Shigekawa established the essiah self-adjointness
for the self-adjoint generator of a strongly continuous conéiction semigroup with
certain LP-potential perturbations (p > 2) by using the abstract version of Kato's
inequality and the theory of Sobolev spaces. In [19], Long and&o showed the es
sential self-adjointness of Ornstein-Uhlenbeck operators parbed by Lipschitz drifts
and potentials having polynomial growth. For the essential ske&djointness of Dirich-
let operators without potentials in in nite dimensional settings, we refer to [3], [10],
[14], [15], [16], [17], [18] and [23].

In this paper, we shall follow the method in [5] to deal with theessential self-
adjointness of Ornstein-Uhlenbeck operators under certain iftr and singular L?-
potential perturbations. We need to use a lemma due to Albeverand Hoegh-Krohn
[2] and the domain characterization for Ornstein-Uhlenbeckperators under certain
drift perturbations due to Da Prato [10].

This paper is organized as follows. In section 2, we shall prepaome preliminary
lemmas which are used in the proof of our main result in Section 8/e rst introduce
some Sobolev spaces by following Da Prato [9] and prove a priotegral estimates in
certain Sobolev spaces. By using a lemma due to Albeverio and Hodglohn [2], we
obtain some properties (see Lemma 2.10) for the conditionalpectation of functions
in certain Sobolev spaces. In Section 3, by adapting the methdcbbm Berezanskii
and Samoilenko [5] and using those preliminary results shown ie@&ion 2, we give a
proof for our main result.

2. PRELIMINARIES ON SOBOLEV SPACES

Let H be a separable Hilbert space with norrk k and inner product< ; >, and

let A:D(A) H'! H be a negative self-adjoint operator such thaf ! is of trace
class. We denote by the Gaussian measure with mean O and covariance operator

ZA 1 Let fewgi_, be an orthonormal basis inH, consisting of eigenvectors oh



such that Aey = (&; « < 0. We de ne the spaceF Ct'§ fork2 N[flg by
FCl=1ff :H! Rjf(x)="'(<e;x> ;<e,;x>);n2N;'" 2 C{RMa:

We use the notation< Df (x);h >= @f (x) = %f (x + sh)js=o to denote the
directional derivative of f along the directionh 2 H. Sometimes for simplicity, we
also use@f instead of @f . We rst recall the following integration by parts formula
with respect to the Gaussian measure on the Hilbert spaceH (cf. Lemma 2.1 in
Berezanskii and Samoilenko [6]).

Lemma 2.1 . Letf; g 2F C} . Then for h 2 D(A)
z
<Df (x);h>g(x) (dx)
H Z (2:1)
= f(X)[ <Dg((x);h> 2<x;Ah>g (X)] (dx):
H

From Lemma 2.1, it follows that @ and D are closable onL?(H; ) for any
k 2 N. For simplicity, we shall still denote by @ (k 2 N) and D the closure. Now
we introduce some Sobolev spaces. We denoteWyP(H; ) (p > 1) the linear space
of all functionsf 2 LP(H; ) such that kDf k 2 LP(H; ). When p =2, WY2(H; ),

endowed with the inner product
Z Z

<fig>:=  f(x)g(x) (d)+  <Df (x);Dg(x) > (dx);
H H
is a Hilbert space. We de ne the Sobolev spad&'?2(H; ) consisting of all functions
f 2 W¥2(H; ) such that @@f 2 L?(H; ) for all j;k 2 N and
Z W Z
kD 2f (x)kEZ(H) (dx) = j@@f (x)j? (dx) < +1 :
H jk=1 H
Here L,(H) denotes the space of all Hilbert-Schmidt operators oRl. Moreover,
W?22(H; ), endowed with the inner product

2 Z
<fig>,+ @@f (X)@@9(x) (dx)
gt "

= <fig>1+ <DZ?(X);D%Y(X) >,y (dX);

H

<f;g>,

is a Hilbert space.



We de ne
Wr2(H; )= ff 2 W¥(H; ):k( A)ZDf k2 L%(H; )g;

which, endowed with the norm
Z

kf k\ZN/i;z(H; H(jf (x)j%+ k( A)zDf (x)k?) (dx);

) =
is a Hilbert space.

We consider a newdneasure(dx) = ce V™) (dx),Ryvhere U is a Borel measur-
able function such that , e 2 (dx) < 1 andc=( , e 2™ (dx)) . We have
an integration by parts formula with respect to the measure (cf. Da Prato [10] or
Long and Simao [18]).

Lemma 2.2 . If U is Gateaux di erentiable and such thate Y 2 W%2(H; ), then,
forany f;g 2F C! andh 2 D(A), we have
Z

H[@f Oé) g(x) + f (x)@g(x)] (dx)
= 2 [<x;Ah>  @QU(X)If (x)g(x) (dx):

H

(2:2)

If we adopt the notion of logarithmic derivative of a measurelang an admissible
vector in the sense of Fomin (cf. Bogachev and Smolyanov [7] hen the above
integration by parts formula (2.2) means that the measure is di erentiable along
any vectorh 2 D(A) and has logarithmic derivative

h=2(<x;Ah> <DU (x);h>): (2:3)

From the integration by parts formula (2.2), we know that@ as well as the gradient
operatorD is closable inL?(H; ). We shall denote the closure of® and the closure of
D by the same symbols. We can de ne Sobolev spad&sP(H; ) (p> 1), WZ2(H; )
and WA?(H; ) in the same way asWP(H; ), WZ2(H; ) and W2(H; ).

We need the following assumption otJ:
(U.1) U is twice Gateaux di erentiable and such thate Y 2 W¥2(H; ) and
sup,y kD2U(x)k K< 1.

As in Da Prato [9], we have the following property ofV2(H; ).



Proposition 2.3 . Let (U.1) be satised. If h2 D(A) and' 2 W%2(H; ), then the
function
X7V (<x;Ah > @U(X))' (x)

belongs toL?(H; ) and we have the following inequality

Z
j<x;Ah> @U(X)j* 2(x) (dx) (2:4)
" Z Z
(k( A):hk? + sup kD2U(x)k gy khk?) " 2(x) (dx)+ i@ (X)i? (dx):
X2H H H

Proof . By Proposition 2.4 of Da Prato [9], we know thatj nj 2 L?(H; ). From
Lemma 2.2 it follows, by a limiting procedure, that for eacti 2 W?(H; ), g2 F C}
Z Z

(@ g+f @gd = nf gd: (2:5)
H H

We only need to prove (2.4) fot 2 F C} . We apply the integration by parts formula

(25)tof(x)= <x;Ah> +@U(x) and g(x) = ' ?(x). Since

@f (x)= <Ah;h> + <D?2U(x)h;h>

and
@g(x) =2" (x)@ (x);

by Cauchy-Schwarz inequality, we have

Z
2 j<x;Ah>  @U(X)J* %(x) (dx)
HZ
= < Ah+ DZUMXh;h>" %(x) (dx)
4
+  ( <xAh> +@U(x)) 2 (x)@ (x) (dx)
H Z
(k( A)*hk?+supkD2U(x)k. ¢y khk?d) * 2(x) (dx)
7 x2H H
+  j<x;Ah>  @U(X)j* A(x) (dx)
ZH
+ @ (¥)j* (dx);
H

which immediately yields (2.4).



From Lemma 2.2 and Proposition 2.3, we easily get the followirroposition.

Proposition 2.4 . Let (U.1) be satis ed. Letf;g 2 W'2(H; ) andh 2 D(A). Then
we have

Z
H[@f (E) 9(x) + f(x)@g(x)] (dx)

= 2 [<xAh>  @QUEX)If (x)g(x) (dx):

H

(2:6)

Next, we consider the following perturbed Ornstein-Uhlenbeckperator

Lf (x) = %Trsz (x)+ <x;ADf (x)> <DU (x);Df (x) >f 2FC};

where U is a real-valued Gateaux di erentiable function. Then, weknow that if
U is Gateaux di erentiable ande Y 2 WY?(H; ), then (L; FCl ) is symmetric on
L2(H; ). If we further assume thatDU is a Lipschitz mapping fromH to H, then
(L; FC}) is essentially self-adjoint orL?(H; ) (cf. Long and Simao [18]). We remark
that Da Prato [10] proved the essential self-adjointness of(F Cl ) under di erent
conditions onU. As in Da Prato [10], we have the following energy identity fonula
and domain characterization for the closure df .

Lemma 2.5 . (1) Let (U.1) be satis ed. Then, we have forf;g 2 F C}
Z Z

Lf gd = 1 <Df;Dg >d; (2:7)
H 2 y
and Z z z
2 _ 1 2612 ; 12
2 (Lf)d = - Tr[(D“f)7d + j( A)z2Dfjd
H 2 wz H

(2:8)
+ <D?2U(x)Df;Df >d:

H

(2) D(L) = W22(H; )\ Wx%(H; ) and the formula (2.8) is valid for allf 2 D(L).

Proof . (1) For the proof of (2.7), we refer to the proof of Theorem 3. of Long
and Simao [18]. For the proof of (2.8), we refer to the proof Broposition 3.3 (ii) in
Da Prato [10].

(2) Note that (L; FC} ) is essentially selfadjoint onL?(H; ) (see Long and Simao
[18]). Therefore, for any 2 D(L) we can choose a sequence of functiohs,g in
FC! converging inL?(H; ) to and such thatfL ,g is a Cauchy sequence in
L2(H; ). We can then use formula (2.7) to show that the sequené® ,gis Cauchy
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in L?(H; ). SinceD is a closed operator, this implies that is in the domain of

D and that ,, converges to in WY?(H; ). This proves that D(L) is contained in

WL2(H; ). Now, applying the formula (2.8) to the di erence ,, ., it follows that
Z Z

0 < 5 TDA(m W)+ i AID(n
ZH Z H

=2 (L(m a)4d <D2U(XX)D(m n)iD(m n)>d:
H H

Using the following facts:

(i) j<D2UD( m n);D( m n)>] KKD( m n)K;

(i) fD ,gis a Cauchy sequence ih?(H; );

(iii) fL »gis a Cauchy sequence ih?(H; ),

we can conclude thaff ,gis Cauchy inW22(H; ) and in WA?(H; ) and therefore
» converges to in W22(H; )andin WA?(H; ). This shows thatD (L) is contained

in W22(H; )\ W,fz(H; ). Similarly, using the formula (2.8) and the above fact (i),

we can easily show thatW?2(H; )\ WA?(H; ) D(L). Now using approximation,

it is easy to show that formulae (2.7) and (2.8) hold for functios in D(L). This

completes the proof.

We impose the following hypothesis fol :
(U.2) There exist constants < K o < 1 and 0< K ; < 1 such thatkA DU (x)k?
Kqi+ Kokaz.

Then we have the following a priori estimate.

Lemma 2.6 . Let (U.1) and (U.2) be satis ed. Then,8' 2 W%?(H; ), the function
x 7' kxk' (x) belongs t%LZ(H; ) and there existsK , > 0 such that

kxk? 2(x) (dx) Kok k§izg y: (2:9)
H

Proof . From ZProposition 2.3, it follows that

jixi @UX)F 2 () (i+ K+ DK Ky (2:10)
H
where K is the constant in Hypothesis (U.1). On the other hand, we have faall
>0 z . 2
Pxi 2 (dx) 1+ jixi @U()i* % (dx)
H ZH (2:11)

+H1+ ") j@UX)* 2 (dx):
H

v



From (2.10) and (2.11), we get
z 1
Xi2' 2 (dX) 1+ m Zi Z(J ij + K +1) k' k\z/vl;Z(H; )
H

+H1+") HJ t@u(x)ji* 2 (dx):
Summing up ini, we get
z 1
kxk? 2 (dx) 1+ - Cok' k\z,\,l;Z(H. )
H Z '
+1+ ") kA 'DUMX)* 2 (dx);
H
whereCy is a positive constant. This together with hypothesis (U.2) give
z 1
kxk? 2 (dx) 1+ - Cok k\le;z(H; )
H YA (2:12)
+1+ ") (Kp+ Kokxk?)' 2 (dx):
H
SinceKy < 1, we can choosé > 0 such thatKy(1 + ") < 1. Therefore, it follows
from (2.12) that
Z

1
[1 Ko(l+")] kxk? 2 (dx) 1+ 3 Cok' K2y
H ya '

+H1+ ")Ky 2 (dX):
H

which gives the result.

Corollary 2.7 . Let the conditions onU in Lemma 2.6 be satised. Let' 2
W?22(H; ). Then, the functionx 7! kxkkD' k belongs toL?(H; ) and there exists a
constantK ; > 0 such that

Z

kxk’kD' K2 (dx)  Ksk' koo y: (2:13)
H

Proof . This follows from Lemma 2.6. We omit the details.

Now, we consider the conditional di erential calcquE for funtions in certain
Sobolev spaces. LeH, = spanfe;; ;eng, PmXx = i”;l xig and n(x) =



(X150 Xm) with x; =< x;e; > (i = 1;:::;m) for eachx 2 H. We de ne a pro-
jection systemS, : L?(H; )! L?(H; )by

Snf ()= fu() = fo  w(¥):= E[f] ml(x);

where E [j ] denotes the conditional expectation with respect to the meare
given the sub- -algebra , = (< ey, > ;< en; >). We denote by (M =
+! the induced image measure of under the projection ., on R™,
Set'jm = @QU E [@U] m]. We need the following condition onJ:
(U.3) There exists a constantC > 0 such that

"in(X)  C(1+ kxk?); 8m2 N:
j=1

Lemma 2.8 . Assume thatkxk 2 L4(H; ) and that (U.1),(U.2) and (U. 3) hold. If
f 2 WY2(H; ), thenf,, 2 WY2(H; ), and we have that for an)k =1;:::;

@E[fjml = E[@|m]*EF(« E[w mDiml

E [@fJ m] 2E [fl k;mj m]:

(2:14)

Proof . We can use the same arguments as in Takeda [26] to prove thatl(2) is valid
for f 2 FCl. We only need to point out that the projection operatorL(™, of L
under the projection mapping ,, given by

L™ (x™) = E [L( m)i ml);x™ = (x); 2Cy (R™);
is essentially self-adjoint orL2(R™; (™). This fact follows easily from Liskevich and

Semenov [16] sinckDUk 2 L4(H; ).

Remark 2.9 . Obviously, if f 2 L (H; ), thenf,, 2 L! (H; ). The formula (2.14)
is due to Albeverio and Hoegh-Krohn [2].

For convenience, we shall denotkf k, the LP-norm of f in LP(H; )for1l p
+1 .

Lemma 2.10 . Let U 2 W22(H; ) and kxk 2 L*(H; ). Assume that conditions
(U.1),(U.2) and (U.3).are satlsedr If £ 2 W2(H; ) WS%H; ) LY(H; ),
thenf, 2 W22(H; ) WL%(H; LY (H; ) and we have fol j;k m;

@@fm =E [@@fJ m] 2E [gj;k;mj m]; (2:15)

9



where
Okm = @ "im+ @ "«m+2fE[@QU ' jm] m]
2f ' k;mI j;m + f(@@U E [@@UJ m]):

(2:16)

Proof . From Lemma 2.8 and Remark 2.9, it follows thaf ;, 2 W2(H; )\ Wr2(H; )\
Lt (H; )and

@fm=E[@f] m]+ E[f' km] ml:
Since@f 2 WY?(H; ), we can apply Lemma 2.8 again to calculat@E [@f ] m].
On the other hand, we have' ., 2 L?(H; ), and by (U.2)
Z Z Z

kD (f' k;m)kzd 2 kDf kzj' k;mjzd + 2 kf ki kD' k:m k?d
74 Z H

2C kDf k®d +2C  kxk® kDf kd
H Z H Z

+4kf k2  kD(@U)Kd +4kfk?  KDE [@U] mlk3d:
H H

H

This together with Corollary 2.7 gives
Z

KD (f' .m)k?d C, kf k\%\,z;z(H; )+ k@Uk\ZNl;z(H; ) + KE [@U] m]k\le;z(H; )
H
Hencef' m 2 W2(H; ) and we can apply Lemma 2.8 to calculat@E [f' «mj m].
Thus, we easily get (2.15) and (2.16) from (2.14). By using Lemnfa6 and Corol-
lary 2.7, it is easy to check that@@f . given by (2.15) and (2.16) is inL?(H; ).
Sincef, only depends on the rstm coordinates ofx, this is enough to show that
fm 2 W22(H; ).

3. ESSENTIAL SELF-ADJOINTNESS

In this section, we aim to establish the essential self-adjointnesL with certain
singular potentials, i.e., the following operator

FC: 3f 7! Lyf = Lf + VT,

whereV is a real-valued function inL?(H; ). Here, we need to impose a restriction
on the underlying measure for a technical reason. We denote biyl © (H) the class
of quasi-invariant measures on (H; B(H)) with the property that their induced im-
age measures, = 21 (n 2 N) admit strictly positive densities with respect

10



to Lebesgue measure oR", of classC(R"). We also impose our last condition on
U, the so-called Hoegh-Krohn condition (see Remark 4.4 of AlbeierBogachev and
Reckner [1]):

(U.4) Kk( A)%(PmDU E [PnDUj mDk! 0inL?H; )asm!1l

Now we state our main result as follows.

Theorem 3.1 . Assume that 2 M @(H), kxk 2 L*H; ) and U 2 W?2(H; ).
Assume also that (U.1), (U.2), (U.3) and (U.4) are satised. If V is a real-valued
function bounded from below iL2(H; ), then the operator

FCL 3f(x) 7 (Lyf)(X)=  (LF)(X)+ V(X)f (x)

is essentially self-adjoint onL?(H; ).

We need the following abstract result on the essential self-adjpness of a non-
negative self-adjoint operator with potential perturbatians (cf. Theorem 1.3 in Berezan-
skii and Samoilenko [5] and Theorem 3.1 in Simon [25])

Theorem 3.2 . Assume that(E; ) is a - nite measure space. LetS, be a non-
negative self-adjoint operator de ned on_?(E; ) for which D = D(Sy) \ LP(E; )
for xed p2 (2;1 ] is a core ande *° is a contractive semigroup inLP(E; ). We
suppose that the real-valued functiog2 L"(E; ), wherer =2pHp 2), is bounded
below, i.e.inf,,e g(x) > 1 : Then the operator onL?(E; ) given by

D3 f 71 (Sf)(x) = (Sof )(x) + a(x)f (x)

is essentially self-adjoint.

Now we give the proof of Theorem 3.1.

Proof of Theorem 3.1 . Under the conditions onU, from Long and Simao [18],
we know that (L; F C} ) is essentially self-adjoint orL2(H; ). This obviously implies
that the closure of (; F C} ), denoted by [; D (L)), is a negative self-acf.joint operator
onL2(H; ). Moreover, by Lemma 2.5, we have thab (L) = W22(H; ) Wx?(H; ):
The operatorL generates a strongly continuous contraction semigrog} onL2(H; ).
This semigroup is sub-Markovian, therefc]re it is a semigroup abntractions on any
spaceLP(H; );p2[1;1] SetD = D(L) L*(H; ). By Theorem 3.2 withr = 2,

11



the operator

D3f 7 Eyf(x)= (CF )(x)+ V(X)F (X)

is essentially self-adjoint onL?(H; ). In order to prove the desired result, we only
need to verify that the essential self-adjointness o[(,; D) implies that of (Ly; FC}).
This follows from

D D((fyjFC)): (3:1)

We shall prove (3.1) by several steps.

Step 1. We establish the convergence df,, to f in the graph norm of the
operatorL onL?(H; ),i.e. kiLf, Lfk3! Oasm!1

By using the energy identity formula (2.8) in Lemma 2.5, we hayv

Z Z
kit Lfnki=1 T(D3(f fn)?d + k( A)ID(f fy)k3d
HZ H (3:2)

+ <D?UD(f fn);DEf fyn)>d:

H
We note that for any mappingF : H ! H, in LP(H;H; ) the sequenceF,, =
E [Fj m] converges toF in LP(H; ) (p 1)(cf. Theorem 4.1 of Chapter Il in
Vakhania, Tarieladze and Chobanyan [27]). Moreover, it isasy to see thatP,F,
also converges td¢- in LP(H; ). From (2.14), it follows that

Df m = E[PwDfj m] 2E [f(PnDU E [PnDUj n])j m]:

Therefore,
ya
k( A)2D(f fm)k3d
H Z
2 FZk( A)zDf  E [( A)zP,Df | m]k3d

+Ai KE [f ( A)2(PnDU E [PuDUj n])j m]k%d (3:3)
H

2 k( A)ZDf E [Pm( A)zDfj m]k3d
H Z

+4kf k2 K( A)zPnDU E [( A)zPnDUj m]k3d:
H

which tendsto zeroasn ! 1 by using the fact thatf 2 W,fz(H; ), condition (U.4)
and Theorem 4.1 in Chapter Il of Vakhania, Tarieladze and ChHmanyan [27]. There-
fore, the second term on the right hand side of (3.2) converges tero asm ! 1

12



From this and the boundedness dkD2Uk_ (), it follows that the third term on the
right |Qand side of (3.2) also converges to zero as! 1 . It only remains to prove
that | Tr[(D*(f fpy))?Jd ! Oasm!1 . We have

Z
Tr[ (D*(f  fp))%ld
H v Z
= (@@(f fm))*d
k=1 M
x £ X xZ (3:4)
= (@@(f fm))%d + (@@f)*d
j;k=1>4H % Z k=m+1 j=1 H
+ (@@f)zd:
j=m+1 k=1 M

Sincef 2 W22(H; ), the second and third terms on the right hand side of (3.4)
converge to zeroasm ! 1 . It remains to show that the rst term on the right hand
side of (3.4) convergesto zeroas ! 1 . By (2.15) and (2.16), it follows that

Xn Z
(@@(f fm))?d
jik=1 HZ 7
Xn - XT] - . -
2 (@@f E [@@fl m])zd +8 JE [gj;k;mJ m]sz
ik =1 ZH jik =1 ZH
Xn . 2 Xn . .2
2 (@@f E [@@f] m])d +8 JGm j°d
j:>k(n=1 ZH jk=1 H
2 (@@f E [@@fj m])d
jk=1 H
Xn Z
+40 (@f)* & +(@F ) £ +4F°E [(@QU)* 2, m] d _
j;k)z(% E o Z (3:5)
+160 f2 ﬁ;m' sz d +40 fz(@@U E [@@U]j m]?d
v ig=1 " jk=1 H
2 (@@f E [@@fj m])d
jk=1 H Z

+40(2 + 4kf k2 )  (kDf k?* + kDUK®)kP,DU E [P,DUj n]k*d
Z H

+160kf k2  kP,DU E [P,DUj n]k*d
x"Z

+40kf k2 (@@U E [@@Uj nm])?d:
i H

k=1
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Since Z Z
JE [@@f] mli*d j@a@f j*d;

z" '
HjE [@@U] nli*d Hj@@szd

and f;U 2 W?22(H; ), the series in the rst term as well as the last term on the
right hand side of (3.5) converges uniformly with respect ton. As each term of the
series converges to zeroas ! 1, we can then conclude that the in nite series also
converges to zeroam ! 1 . We will now show that the second and third terms on
the right hand side of (3.5) also converge to zero as! 1 . The integrands converge
to zero in measure with respectto, asm!1 . On the other hand, by condition

(U.3), we have

8m 2 N;kP,DU E [PnDUj m]k® C(1+ kxk?):

Therefore, the integrands are bounded above @(kDf k? + kDUk?)(1 + kxk?) and
C?(1 + kxk?)? respectively, which are integrable functions by Corollary.Z and our
assumption. We can then apply the dominated convergence to shtivat the integrals
converge to zero asn ! 1

Step 2. For xed m, we are going to construct a sequence of functiof$.r g
such thatf .z 2 D(L), fnr ! fm, Lfmr ! Lfn,in L2(H; ) and

(i) fmr(X)=0if x2fx:x;2[ (R+1);R+1];i=1;:::;mg;
(i) jfmr () k fky.

Proof of Step 2 : Let ;:R! [0;1] be a function inC?! (R) such that 4(t) =
1, t2[ L;1]and (t)=0;t2(1 ; 2][ [2+1). Foral R2 N (R > 1), dene
rIR! [O/1]by r(1)=1,t2[ RiR], r()=0;t2 (1 ; (R+1)][[R+1;+1),
rR)= (t+R);t2( R 1, R)and r(t)= 1(t R); t2 (R;R+1). Dene
fmr(X) = r(X1) R(Xm)fm(x). It is easy to check thatjf nr(X)] k fki, for all
R2N,fnr! fnandLf g ! Lf,inL%(H; )asR!1 . Note thatboth f & (X)
andf ,(x) depend only on the rst m coordinates ofx, so by using the energy identity
formula (2.8) in Lemma 2.5, to show thatLf .z ! Lf ,, it is enough to show that
8k =1;::v;m; @fmr fm)! Oand @@(fmr fm) ! Oin L2(H; ). This
follows easily by using the chain rule, and the fact thaf ,, 2 W%2(H; ).

Step 3: Fix m;R 2 N. We are going to construct a family of functiond f .z g
such that
(i) fmrr 2F CL; 8"> 0;
(i) fure ! fmr andLf pre ! Lfng in L2(H; )as"! O;
(ii)) Jf mre ()] k Tky; 8> 0.

14



Proof of Step 3 : Let Ghr(y) = r(Y1)  rOm)fm(); y 2 R™, wheref,
m=ETI[f] m]=fmn. Dene
Z
Frrer (¥) = iy Gy xi)Bhr(x)dx; y 2 R™;

where

. : m X Y
{(x yp=" (J.—.yj

and i%a non-negative function inC* (R™) vanishing outside the unit ball and sat-
isfying o (x)dx =1: We havefng» 2 C (R™). If we show that Gz 2 W22(R™)
(the Sobolev space with respect to Lebesgue measure), then we canclude that
fore | g in WZ2(R™). To prove that fd,r 2 W22(R™), we use the fact that for
" R™! R, with compact support G, to get

Z z

1
1 d ' d (m)
L O

Su
S pm(y)

1
Su
an pm(y)

iy ' (y)d (M(y)
Z

" m())d (x);
H

where p(™ denotes the density of (™ with respect to the Lebesgue measure. Here,
we have used the fact thap™ is continuous and strictly positive. By taking

xn
YY) = G+ kDR (K + @@k (V)i

k=1

we see thatf,g 2 W22(H; ) implies that f%,x 2 W22(R™). Therefore, we can
conclude that fnrs  fGhr)! 0iNnW2Z2(R™) as"! 0. Dening fnr- :H ! Rby
fmre (X) = fmre ( m(X), it follows that (fmrs  fmr)! 0inW22(H; )as"! O.
Therefore, it follows from (2.8) that Lf g+ ! Lf g in L2(H; ).

Step 4: From steps 1-3, it follows that there exists a sequence of furamns
f ogsuchthat8n 2 N; , 2 FC!,j n(X)j k fky, and both , ! f and
L ,! Lf inL%H; )asn!1l . Since the functions , are uniformly bounded and
V 2 L%(H; ),wehaveV ,! VfinL?H; ), by Lebesgue dominated convergence
theorem. Thereforefy ! Eyf in L2(H; )asn!1 . This completes the proof.

15



ACKNOWLEDGEMENTS

This research was done while the rst named author was a Postdartl Research
Fellow at the CMAF- University of Lisbon. The nancial support of CMAF-UL

the FCT and project PRAXIS XXI is gratefully acknowledged. The sesnd named
author wishes to acknowledge the hospitality of the Mathemats Institute of Warwick
University during the nal preparation of this paper, and the nancial support of the
FCT, and project POCTI/1999/MAT/34711.

[1]

(2]

[3]

[4]

[5]

[6]

[7]

(8]

9]

[10]

REFERENCES

S. Albeverio, V. Bogachev and M. Reckner, On uniquenes®f invariant measures for
nite and in nite dimensional di usions, Comm. Pure Appl. Math., 52 (1999), 325-362.

S. Albeverio and R. Hoegh-Krohn, Dirichlet forms and di usion processes on rigged
Hilbert spaces,Z. Wahrsch. Verw. Gebiete, 40 (1977), 1-57.

S. Albeverio, Yu.G. Kondratiev and M. Reckner, Dirichl et operators via stochastic
analysis, J. Funct. Anal., 128 (1995), 102-138.

Yu. M. Berezanskii, Self-adjoint Operators in Spaces of Functions of In nitely Many
Variables, Transl. Math. Monography, Vol 63, AMS, Providence RI, 1986.

Yu. M. Berezanskii and V. G. Samoilenko, On the self-adjaitness of di erential oper-
ators with nitely or in nitely many variables and evolutio n equations, Russian Math.
Surveys 36 (1981), 1-62.

Yu. M. Berezanskii and V.G. Samoilenko, Self-adjointnes of in nite dimensional ellip-
tic di erential operators, Trans. Moscow Math. Soc, 50 (1988), 1-50.

V.l. Bogachev and O.G. Smolyanov, Analytic properties d in nite dimensional distri-
butions, Russian Math. Surveys 45 (1990), 1-104.

Yu.L. Daletskii, On the self-adjointness and maximal dissipativity of di erential oper-
ators for functions of an in nite dimensional argument, Soviet Math. Dokl., 17 (1976),
498-502.

G. Da Prato, Perturbations of Ornstein-Uhlenbeck transition semigroups by a sub-
quadratic potential, Communications in Applied Analysis, 2 (1998), 431-444.

G. Da Prato, The Ornstein-Uhlenbeck generator perturbel by the gradient of a poten-
tial, Bellettino Unione Matematica Italiana, Serie 8, 1-B (1998), 501-519.

16



[11] N.N. Frolov, Self-adjointness of elliptic operators wih in nitely many variables, Func-
tional Anal. Appl., 14 (1980), 71-72.

[12] T. Kazumi and I. Shigekawa, Measures of nite ; p)-energy and potentials on a sepa-
rable metric space, in Seminare de Probabilities, XXVI, edsby J. AzZma, P.A. Meyer
and M. Yor, Lecture Notes in Math., Vol 1526, Springer-Verlag, 1992, pp. 415-444.

[13] T. Kato, Schredinger operators with singular potentials, Israel J. Math., 13 (1973),
136-148.

[14] Yu.G. Kondratiev and T.V. Tasycalenko, In nite dimens ional Dirichlet operators (I):
Essential self-adjointness and associated elliptic equadis, Potential Anal., 2 (1993),
1-22.

[15] V. Liskevich and M. Reckner, Strong uniqueness for cdrin in nite dimensional Dirich-
let operators and applications to stochastic quantization Ann. Scuola Norm. Sup. Pisa
27 (1998), 69-91.

[16] V.A. Liskevich and Yu.A. Semenov, Dirichlet operators a priori estimates and the
uniqueness problemJ. Funct. Anal., 109 (1992), 199-213.

[17] H. Long, Kato's inequality and essential self-adjointress of Dirichlet operators on cer-
tain Banach spaces,Stoch. Anal. Appl., 16 (1998), 1019-1047.

[18] H. Long and I. Simao, Kolmogorov equations in Hilbert paces with application to
essential self-adjointness of symmetric di usion operatos, Osaka J. Math., 37 (2000),
185-202.

[19] H. Long and I. Simao, On the essential self-adjointnes®f perturbed Ornstein-
Uhlenbeck operators on Hilbert spaces, to appear in Commuations in Applied Analy-
Sis.

[20] Z.M. Ma and M. Reckner, An Introduction to the Theory of (Non-Symmetric) Dirichlet
Forms, Springer-Verlag, Berlin-Heidelberg-New York, 1992.

[21] M. Reed and B. Simon,Methods of Modern Mathematical Physics, Volume II: Fourier
Analysis, Self-adjointness Academic Press, New York-San Franciso-London, 1975.

[22] I. Segal, Construction of nonlinear local quantum proesses, | Ann. Math., 92 (1970),
462-481.

[23] I. Shigekawa, An example of regular I p)-capacity and essential self-adjointness of a
di usion operator in in nite dimensions, J. Math. Kyoto Univ. , 35 (1995), 639-651.

[24] B. Simon, Essential self-adjointness of Schmdingermerators with positive potentials,
Math. Ann., 201 (1973), 211-220.

17



[25] B. Simon, An abstract Kato's inequality for generators of positivity preserving semi-
groups, Indiana Univ. Math. J., 26 (1977), 1067-1073.

[26] M. Takeda, On the uniqueness of the Markovian self-adjait extension, in Stochas-
tic Processes- Mathematics and PhysigsLecture Notes in Math., vol 1250, Springer-
Verlag, 1987, pp. 319-325.

[27] N.N. Vakhania, V.I. Tarieladze and S.A. Chobanyan, Probability Distributions on Ba-
nach SpacesKluwer, Dordrecht-Boston-Lancaster-Tokyo, 1991.

18



