PARAMETER ESTIMATION FOR ORNSTEIN-UHLENBECK
PROCESSES DRIVEN BY -STABLE L EVY MOTIONS

YAOZHONG HU AND HONGWEI LONG

Abstract. The parameter estimation theory for stochastic di erentia | equa-
tions driven by Brownian motions or general levy processes w ith nite second

moments has been well developed. In this paper, we consider t he parameter
estimation problem for Ornstein-Uhlenbeck processes driv en by -stable levy

motions. The classical maximum likelihood method does not a pply in this

context because the likelihood ratio does not exist. We shal | use the trajec-
tory tting method combined with the weighted least squares technique. We
discuss the consistency and the asymptotic distributions o f our estimators for

general weights in both the ergodic and the non-ergodic case s.

1. Introduction and Notation

We consider the Ornstein-Uhlenbeck processes = fX;;t 0g determined by
the following linear stochastic di erential equation

dX; = Xidt+ mdt+ dZ; t 0

Xo= x (1.1)

where , mand are given constants andZ; is a given standard -stable Levy mo-
tion. The basic probability space is ( ;F ;P) equipped with a right continuous and
increasing family fF (;t  0g of -algebras. The expectation on this probability
space is denoted byE. For some technical reason we also assume thatd < 2.
Suppose we don't know the parameter (m and known). We have observation
of the processX = fX;0 t Tg up to the time instant T. We are interested
in estimating the unknown parameter . When Z; is replaced by a standard
Brownian motion, the parameter estimation for has been extensively studied by
using classical maximum likelihood method or by using the least squares technique
(see Liptser and Shiryaev [8]). However, the naive classical maximum likelihad
estimator (MLE) is no longer valid in our setting because the explicit density
functions are not available and the Girsanov measure transformation is notwell
de ned for the -stable levy motions. In the next section we shall sketch how to
use the least squares technique to study the estimator of when Z; is a Brownian
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motion and explain why the naive least squares technique can no longer apply in
our case. To nd a consistent estimator " of  for (1.1) we shall use the trajectory
tting method combined with the weighted least squares technique. The trajectory
tting method was rst proposed by Kutoyants [6] as a numerically attractiv e
alternative to the well-developed maximum-likelihood estimators for continuous
di usion processes (see Dietz and Kutoyants [2], [3], Dietz [1], and Kutoyars [7]).
To obtain our estimator we introozluce
t
A = Xsds; t> 0:
0

The equation (1.1) can be written as
Xt:X At+mt+ ZI:

Let w; be a deterministic positive (weight) function. Multiply the above equation
by w; we have

WIXI = WX WtAt+ mtw, + W Z¢:
The weighted trajectory tting estimate (TFE) of is to minimize

Zq

we X (wex WA+ mtwt)jzdt:

It is easy to see that the minimum is attained when is given by

N _ o Wi ()'_(’t X mt)Atdt

- [B\S
o WZAZdt

(1.2)

First we shall prove the strong consistency of 't :
lim AT = P as:
™

[In the rest of the paper, when we don't specify the convergence we always mean
the almost sure convergence.] Once we have established the above result we can
study the asymptotic distributions of “r. Namely, we will nd a functional  (w; T)
such that

w;T) "
converges in distribution to a -stable random variable (independent of T and
w). This means that

|
w.T) as T!1

If ﬁ is of the order of T for some positive , namely,
functional F(w) of w, then we have

T
W) converges to a

AN

1
T F(W)T— as T!1

F (w) is called the leading coe cient . We prefer to have a smaller value off (w)
for a given class of weight functions.
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In the following we demonstrate how to view the stable process from general
context of Levy process. Namely, we consider

dXt = Xtdt+ st, t 0

Xo = x (1.3)

where is an unknown parameter,fL;;t 0gis a one-dimensional Levy process.
levy processes are closely related to stable distributions. A random variableZ is
said to have a stable distribution with index of stability 2 (0; 2], scale parameter

2 (0;1 ), skewness parameter 2 [ 1;1], and location parameter 2 (1 ;1)
if it has characteristic function (c.f.) of the following form:

z (u) E expfiuZ g

exp ju 1 i sgnu)tan - +iu ; if 61;
exp juj 1+i Z2sgn@)logjuj +iu ; if =1;

For the random variable Z distributed according to the rule described above we
use the notationZ S (;; ). When =0, we say Z is strictly stable. If
in addition = 0, we call Z symmetric -stable We refer to Samorodnitsky
and Taqqu [10], Janicki and Weron [4] and Sato [11] for more details ontable
distributions.

Suppose thatfL;;t 0gis a levy process generated by the triplet (Q ; ), i.e.
the distribution of L, has(characteristic function

z )
L (u)y= E[e""']=exp itu +t (€™ 1 juxlp(x)) (dx) ; U2 R;
Rnf Og
(1.4)
whereD = fx :jxj 1gand is the levy measure given by
C C
() = 5Tow) )+ Sl 0 ()dx, (1.5)

where 1< < 2,¢c; 0; ¢ 0,andc + ¢, > 0. Itis easy to see that (1.4) can
be written as

L (u)y=exp it + X (dx) u t ju 1 sgnu)tan — ;
ixj>1 2
where = (c1+ ¢)( Jecos( = 2)and =(c; ¢)=(c+ ¢p). Then, by the
[t6-levy decomposition, we have
Z.Z z.Z
L=t + xN (ds; dx) + xN (ds; dx); (1.6)
0 jxj<1 0 jxj 1

where N (dt; dx) is a Poisson random measure de ned by

X
N(O;thA)=  1a( Ls)
s t
for A2B(RnfOg)and Ls=Ls Lg denoting the jump of L at time s, and
the compensated Poisson random measun (dt; dx) is given by

M ((0;t];A) = N((0O;t];A) t (A):
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with Z
(A) = X (dx):
The I1t6-levy decomposition can be rewritten as
t
Ly = t+ XN (ds;dx) + t X (dx)
0 RnfOg | jxj 1
z : Z.Z
= + X (dx) t+ xN (ds; dx): a.7)
ixj 1 0 RnfOg
Let Z
m= + X (dx):
jxj>1
Then o o
1 2
= + :
m 1
Denote z.Z
Zi = XN (ds; dx):
0 RnfOg

Then Z; is a -stable levy motion and Z; Zs S ( (t s)¥ ;; 0) for any

0 s<t< 1. We canrenormalizeZ; and de ne Z; = Z;= . Then we can easily
see thatfZ;;t O0Ogis a standard -stable levy motion (see Janicki and Weron
[4]) so that Z; has a stable distribution S (1; ; 0). Itisclearthat Ly = mt+ Z

and E[L{] = mt.

The paper is organized as follows. In Section 2, we sketch the least squares
method in classical setting. In Section 3, we prove the strong consistency and
discuss the asymptotic distribution of the weighted TFE in the ergodic case. In
Section 4, we shall establish some results for the weighted TFE in the non-ergodi
case.

2. Classical Least Squares Technique
Consider the Langevin equation
dXt = X tdt"‘ dBt (21)

where Bt;t 0) is a standard Brownian motion and is the unknown parameter
to be estimated from the observation X{;0 t T). To explain the least squares
technique we write formally

Xe= X+ By
and we minimize
Xe + X 4j2dt = XZ2dt +2 XeXgdt+ 2 XZdt:
0 0 0 0
The minimizer is given by
R X dx
RIS - Sehhu (2.2)

-
o XEdt
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R
(The meaningless term OTxfdt does not appear). To show the least squares
estimator "y converges to , we have

Rr X dX Re X 2dt Rr X.dB Rr X,.dB
t t t t t t

AT = #—T = ﬂ—_? ! #—T = ﬁ—T (23)
o X 2dt TX2dt g X@dt o X 2dt

R R
Now OT XdBy is a martingale withqthe bracket OT X 2dt. Roughly speaking when
T!1 , , X(dB; is the order of  X¢dt. Butwhen T !1 Xfdt !

L )
;
E (X?). So o X8 converges to 0 with the orderpl?. This argument also

T X 2dt
works if By is reE)Iaéed by a square integrable martingale. Unfortunately the stable
processZ; is not square integrable. So this naive least squares technique does not
apply directly to our case.

Another approach is the maximum likelihood ratio. In the Brownian motion
case, both the maximum likelihood ratio method and the least squares method ge
the same estimator. But in our stable process case there is no direct extension of
the Girsanov theorem because of the in nite variance property. So the maximum
likelihood ratio method cannot be directly applied here neither.

3. Ergodic Case

In this section we consider the consistency and the asymptotic distribution of
the weighted TFE in ergodic case. That means we assume > 0. Then, the
solution of the SDE (1.3) can be written in the following way:

YA t
Xy = e 'x+ e (9dLg
OZ t z t

x+m e ( Sds+ e ( 9dzg: (3.1)
0 0

= e t

The general properties of generalized Ornstein-Uhlenbeck processes driven by Levy
processes have been comprehensively studied in the monograph of Sato [11]. We
shall use some important results in Sato [11] freely in this paper.
Lemma 3.1 . The generalized Ornstein-Uhlenbeck processesX;t Og (gen-
erated by the triplet (0; ; )) has a unique invariant distribution ;1 which is
self-decomposable and generated by the tripl€d; ; ), where
z Z,
®)=1 (@) 1s(e *y)ds;B2B(R)

R 0
and

S 2o

iyj>1 1Y .
Proof. By Theorem 17.5 of Sato [11], we only need to verify that the Levy measure
satis es the following condiéion

logjxj (dx) < 1: 3.2)

jxj>2
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In Zfact, we have

logjxj (dx)

jxj>2 xji>2

I
<
«
R

C1 Co
XTl(O;l)(X)*' Wl(l 0)(x) dx

“ % log( x)
T 2 T
2 X 1 (%)

1 dx

dx

1
—~
(=]

AR
+
S
~
<}
(@]
X
x

+ 1
= —— log2+—- <1:

This completes the proof.
We can easily nd that X; converges %veakly to a random variable

1
X, = m, e SdZs:
0 R
Note that fZ;gis a F{-martingale and the random variable 01 e SdZs has mean
zero. HenceX; isa -stable random variable with meanE[X; ] = ™. By Lemma
3.1 and ergodic theorem, we have
Zq
. 1 _ _m,

TI;{'n T, Xidt=E[X1]= —: 3.3)
Remark: When we don't specify the way of convergence we always mean the
almost sure convergence.
We need the following well-known integral version of Toeplitz's Lemma (see Ditz
and Kutoyants [2]):
Lemma 3.2 . If ' 1 is a probability measure de ned on[0;1 ) such that

"1(0;T) =1 and "' 1([0;K]) !Z OasT!1l foreachK > 0, then
1
Jim . fo' v(dt) = f;
for every bounded and measurable functiori : [0;1 ) ! R for which the limit
fi =lim¢y  fy exists.
Denote Z;
(Ty=  twidt:
0

We assume that the weight functionw; is given so that (T) is well de ned for all
T>0and (T)!1 asT!1

Theorem 3.3 . Assume that > Oandm 6 0. Then the weighted TFE is strongly
consistent in the following sense:

. N

T — .
lim = P as:
T

Proof. Since the observed procestX(g is the solution of (1.1), we nd

R
N T W2A Z,dt
o WPAfdt
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By the strong law of large numbers, Lemma 3.1 and the ergodic theorem, we have
P 1 —
TI;{’n T *Zr =0 (3.5)

(sinceE[Z1] =0) and
Zq
1 m
i 1 =i — = = —:
Tlg{n T “Ar = TIl!rln T 4 Xidt = E[X1 ] :
By the Toeplitz's Lemma 3.2, we nd

RT RT A 7 w2t2
, WZAZdt o 1 T mat
Jm = = Im R =00 (36)
' o WALt ' o © —md
RT wlzt2

The last identity follows from the fact that (T)dt =1, limyy T 1Z; =0,
and limri; T Ay = ™. This proves the theorem.

It is well known that the least squares estimator or the maximum likelihood estima-
tor for di usion processes driven by Brownian motion are asymptotically normal
with the order of convergenceT z. Here we shall prove that the weighted TFE
is asymptotically -stable with the order of convergenceT @ ). When is
formally set to 2, our result coincides with the classical one.

For notational simplicity, we denote (T) = OT tw2dt (T)= N

L .
o  Swsds dt

We assume that the weight functionw; satis es the following condition:
(C1 (M'!'1 asT!1l , (K)=(T)! OasT!1 foreachK > 0, and

(T)T™

o C 0(1): (3.7)

Su cient conditions on w; satisfying (C1) will be provided later on.

Theorem 3.4 . If the generalized Ornstein-Uhlenbeck process is ergodic thi > 0
and m 6 0, then the weighted TFE is asymptotically -stable under the condition
(C1), i.e.
(M) A
M= T ) - (3.8)
asT!1 ,where isa -stable random variable with distributionS (1; ; 0).
Proof. By (3.4), it follows that

R
A T W2A, Z,dt
T - T
o WEAZdt

R
o ALmow2zidt ™o wlZtdt

0
1(T)+ 2(T).
3(T)

2
Ac © w2t2dt
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Then, we have

(M a2 M= M+ ()= M), @9)
(T)= 1(T) 5(T)
By the ergodic property and Toeplitz's Lemma 3.2, we nd
z 2
- 3(T) _ TOA wi? o om 2 .
TI!|{n M - T!T . n (T)dt_ P as: (3.10)
Now, we consider (T) ¥ {(T). Note that
Z
M= ami M=z A T (3.11)

0
where
Zy = sup jZij:
0Ot T
Rr
Denote ~1(T) =
3.2, it follows that

At—‘ M twZdt. By ergodic property and Toeplitz's Lemma

o

. . Z
oM "7 AC motw?

Rt = ) = oI — (T)dt! 0 P as:
asT!1 . Then, for"> 0and > 0, we have
PG (M) ¥ «(Mi M P () ¥ (TMZRr |
"M
PRt )+ P Z; ) (3.12)
By Markov inequality, we| nd
" (Mt (T)E[Z+]
Poa (T) (T)*:"
z T = 1
(T) c (MT+
d = ——; (3.13
M= © . T TrmE Y

where C is a positive constant depending only on . By the condition (C1), for
any xed "> 0, we can choose arbitrarily smalllso that

. "M .
TI!|{n P Z; i) =0: (3.14)
Obviously, P(Rt )! 0asT!1 . Therefore, we have
Aim-P(j (T) YoM m=o: (3.15)

Next, we turn to consider the limiting behavior of (T) = ,(T). By integration
by parts, it follows that .
Z. A g #
Zitwidt = sw2ds dZ;:
0 0 t
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By the inner clock property for the -stable stochastic integral (see Rosinski
ﬁndn}woyczy@kl [9], Kallenberg [5], and Zanzotto [12]), we know easily that

0t sw2ds dzZ; has the same distribution asz’ (1) where Z° has the same

law asZ. Thus, Z° () has a -stable distribution S (( (TH¥ ;5 0).

By basic properties of -stable random variable (see Janicki and Weron [4]), we
nd that (;()P converges weakly to a stable distributionS (m;sgn( m) ; 0).
Summarizing we have that

(M A
m= 7
converges weakly to — , where is arandom variable with -stable distribution

S (1;; 0).

Remark 3.5 . We shall specify some conditions orw; so that the condition (C1)
is satis ed. Of course, we always assume thatv; is continuous on [Q1 ). We
further assume that there exists a nonnegative functiong(s) such that

2

lim VVVVSTT = g(s):8s 2 [0; 1; (3.16)

and s?g(s) 1.
Now, we can verify that (C1) holds if (3.16) is satis ed. Indeed, we have

. m T . m T
lim = lim Rt
T (M) Tl o ( (T) (t)) dt
- T"'rln RT T(t)
' o 1 7y dt
= TIllrln R 1(T) : (3.17)
! S
o 1 ) ds
Also, by L'Hospital's rule, it follows that for each s 2 [0; 1]
R
im T *T rw2dr
Ti (T) 71 oT rw2dr
_ oy STWhEs 5 o WgT _
- T“!rln Twe TI!I{n w2 = sg(s): (3.18)
Therefore, we have
lim M T_ g 1 ; (3.19)

o (M) @ sPg(s) ds’
which implies that the condition (C1) is satis ed.
We provide two classes of functions which satisfy the given condition.
2
(i) Let w; = tP. Then, itis seen that limyy <5 = s?P: Thus,
T
(M 7 _ 1

lim =R :
T (T) 01(1 s2+2p) ds
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Here, we need to assume that 2+ @ > O orp > 1. By some basic calculation,
we nd

l(1 s?*2P) ds= 1 Zl(1 7) 277 lolz—is(i-u ):
0 T 2+2p T 2+2p ‘2+2p’ '
So,
im (DTS (DT = 2+2p =
i ()&~ 711 (T) ~ B(A=(2+2p);1l+ ) '
(i) Let w; = €%; g > 0. Then, it is easy to see that
oW _ 0 ifs2]01)
TI!I{n w2 = 9(8)= 1, ifs=1:
So,
(MT _ 1

lim = Ry =
Tl (T o (1 s2g(s) ds

Remark 3.6 . Suppose that the condition (C1) is satis ed. As in Remark 3.5, we
still assume that there exists a nonnegative functiong(s) such that

2

lim "VVVSZT = §(s):8s 2 [0; 1 (3.20)
: T

and s?g(s) 1. Under this condition, as shown in Remark 3.5, we have

(sT) _

A S sg(s):
We claim that .
=) o(T* ) (3.21)
This is equivalent to
(M _
= mr = oW
or -
W = O(l)
By some basic calculation, we nd
R
lim (1) lim OT o
im ————=1i R
Ti (MmT 1 11 OT( (T) () dt T 1
R; R,
, o ((T) (1)dt _ o ( (T)  (sT)Tds
= lim Rt = lim Ry
™o (M) () d T LTS (T) (sT)) Tds T !
Ry _ Ry 2
o (sT)=(T))ds o (@ s°g(s)ds

lim Ry = Ry :
TH o1 (sT)=(T)) ds o1 s%g(s)) ds

As in Remark 3.5, we consider the following two special classes of weight funons:

(3.22)
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(i) Let wy = tP. Then, g(s) = s?® with p> 1. Itis easyto nd
lim (T) _2+2p 1

T 1= (T)TL = 3+2p 2+2p

It is not hard to verify that the limit function of p in the right hand side of (3.23)

is increasing and is bounded by constant 1.
(i) When w; = €%; g > 0. It is known from Remark 3.5 that

_ 0 ifs2][01)
9(s) = 1, ifs=1:

B(1=(2+2p);1+ ) : (3.23)

It follows that
lim (T)

T = (T)TE = =1 (3.24)

Remark 3.7 . The convergence result in Theorem 3.4 means that there is a stable
random variable such that

A (M
(T

Thus the leading coe cient is proportional to (T()T1=

p> 1,itis easy to see thatforallT > 0

. In fact, when w; = tP with

~

1=

1= 1 1=
(N7 - 3*2p 12pB(1:(2+2p);1+ ) = f(p):

(T) T 2+2p 2+

4. Non-Ergodic Case

In this section, we consider the non-ergodic case, i.e.,< 0. The solution of the
SDE (1.1) is given by
Z t Z t
eSds+ e ' eSdZs: (4.1)
0 0

Xi=e 'Xo+me !

R’[ R’[
Let (= Xo+ m je%ds+ e®dZs: Then,

et Xt = i (42)
R
Let { = ; esdZs: Then, f (g o is aLP-bounded cadlagF;-martingale (1 <p <
). Moreover, ; is a -stable random variable with distribution S ( t1= ;3 0),
where z
t

g 1
(= jeSjds= — e' 1:
0

Letting t ' 1 , we nd that  converges to a -stable random variable with
distribution S (( ) ¥, ; 0). Therefore, by martingale convergence theorem,
it follows that
z 1
tI|ilm e!' X; = Xo my, . eSdzs:= 1; P as: (4.3)
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Similar to Section 3, we can de ne the weighted TFE of as follows

A _ 0 Wi (Xr; Xo mt)Atdt
T — ™
OT WZAZdt
R
where A; = éXsds. We also have
R
A _ iy WtzAttht .
T - T -
o WEAZdt
Denote zZ Z,

hy(T) = wZe 2tdt and hy(T)= w?e 'dt:
0 0

In this section, we always assume that the weight functionw; is given so that
hi(T)!'1 andhj(K)=h(T)! OasT!1l foreachK> Oandi=1;2.
We rst prove the consistency of the weighted TFE.

Theorem 4.1 . If < O, then

Jlim (+ )=0 P as: (4.4)

Proof. By the Toeplitz's Lemma 3.2, it follows that

R s s R s
im Ar i o(e°Xs 1)e ®ds+ ; e °ds
e t 1 et R
= (t)Zt(eSx e s , 0© 70
T et o s 1 ® 1 e 1
= L. P as (4.5)
Rt

where (t)= e °°ds. Then, by the Toeplitz's Lemma 3.2 again, we have

R
N WtzAttht

im ("r ) = lim .
T!1 T™ 0 WtZAtZdt
Ry A Zi Mdt
- im 0_e | e ! hi(T)
ToTi T A Zwie 2t g
0 et hi(T)
= 0, P as (4.6)

since limy; Zi=e ' =0; P as:(from (3.5)). This completes the proof.
Next, we are going to discuss the asymptotic distribution of *t. We assume that
the weight function w; satis es the following condition:
(C2) There exist constantsCy > 0, b < 0 such that whenT is large enough,
wie !
h2(T)
We have the following result:

Coe™T V:8t 2 [0;T]: 4.7
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Theorem 4.2 . If < 0and (C2) holds, then
hi(T) A .
—_— e 4.

where is a random variable with -stable distribution S (1; ; 0) independent of

1 -
Proof . We have

h1(T) O
hy(T)T2= * 7
1 1 Ry 2
_ h2 (T)T o WtAttht
hy 1(T) g W2AZdt
2 h,1 i Rr 2A. d
_ o7 ( )h " (MT “Zr , wiAdt
- LBS
h, Y(T) , w2A2dt T
+ h, ()T * oT WZA(Z1 Zt)dt.
2
= Fr (GT + HT): (49)
From the Toeplitz's Lemma 3.2, it follows that
Zq Zq 2 24 2t 2
A wie
; 1 24 — i t t - 1. .
TI!|{n h, “(T) . wiAfdt = TIl!rln . e hy(T) dt 7] P as: (4.10)
Thus, we have
Jim Fr = | iZ P as: (4.11)

Now let us considerGt. Note that
1 RT 2 1
( )h ™ (T) o WAt T ~Z¢

Gt = : (4.12)
T T
By the Toeplitz's Lemma 3.2 again, we get
z z
T T At W':Ze t

TI!l{n h, *(T) . wiAcdt = TI|!r1n —

-1
T e dt = = (4.13)

J
almost surely. Consequently

( H)h,Y(T) Rr WAt
lim 2 0o VT - P as (4.14)
Tl T ] ]

For the second factor inGt, we have

1 1
T 7 T “(Zr Z_1)+T “Z_:
LI T ™1 T (4.15)

TL+( T TL)

T

We have the following claims.
(1) The random variable T L(ZT ZT;) has a -stable distribution S ( (1

T+ 1)2= : . 0), which converges weakly to a random variable with stable dis-

tribution S (1; ; 0)asT!1
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(2) By strong law of large numbers, we have
. 1
im T “Z_.:=0 P as:
Tl T

(3) It is clear that

TI!i{n ! P as:
AT “(Z+ Z_i)and _: are independent.
(5) We have that 1 ;1 converges to zero in probability asT !'1
Proof of (5). By the de nition of ¢, we nd

T g1=Em L e%ds+  eddZg
T T
It follows that
iT 1] jmj | eSds+ e dZs
T Tt Tt
PR 4
. .e’ el T
jim —M—+ L e°dzZs . (4.16)
ot

The rst term on the right hand side of (4.16) converges to zeroasT !'1 . The
second term converges to zero in probability ad !'1 |, since

R
( Zq ) E TT;eSdZS
P ,esdzg >" _
;1

¢

T T &
e & (4.17)

which tends to zero asT ! 1  for any given " > 0 and some constantC > 0.
From all the claims (1)-(5), we conclude that

1
Tz ) — (4.18)
T 1

where and ; are independent. Combining (4.14) and (4.18), we nd

Gr ) s (4.19)
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asT !1 . Finally, we shall prove that Hy ! 0 in probabilityas T!1 . We
have

Z
T “h,NT) W2A(Zr Zy)dt
zoT Z,
T “h,Y(T) w2 XedsjZr Zijdt
ZoT Zt0
T “h,XT) jesXsje Sds jZr  Zjwldt
0 0 ZT
j—jsug)jetxtj T “h,YT) jZr Zijwle 'dt: (4.20)
t 0

It is easy to see that sup ,je' X;j is almost surely nite. We claim that the last

factor T Lhz Q) OT jZr  Zijw?Ze 'dtin the above inequality converges to zero
in probability. Indeed, we have for T large enough

Z #
ET “h,XT) i izt Zijwle tdt
ZT 2 t
1 . wre
T i Elizr  Zi] () dt
Z
CoT = C@; XT t) & gt
0
1 Z T 1
= CoT = C(1; )u e du

C(; )CoT u*e®du
0

C )CT * @+ Db &, (4.21)
which tends to zero asT !'1 |, whereC(1; )= ﬂé% (see Zolotarev [13]).
This implies that T Ah2 1) OT wW2A(Zt Z)dt converges to zero in probabil-
ityas T!1 . So,Hr! Oin probabilityas T!1 . From (4.9), (4.11), (4.19),
(4.20) and (4.21), we conclude that

h1(T)
ha(T)T*

AN

Cr ) J'T: (4.22)
where is a$S (1;; 0) random variable independent of ; . This completes the
proof.

Remark 4.3 . We consider two special classes of weight functions.
() Let wy = tP;p 0. Some basic calculation yields

ho(T) = wle 'dt= t?*e 'dt C T%e T; (4.23)
0 0
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foreachT Ty with some Tg > 0 and someC; > 0. It follows that for T large
enough
wie ! t?Pe ! 1 . —
ha(T) CToe T C—le ;12 0TI (4.24)
This implies that (C2) is satis ed with b=
(ii) Let w2 = €. Then,

z T e(r )T 1
hy(T) = ete 'dt= riz (4.25)
0
We have .
wie
Cel (T . 4.26
ho(T) .20
for T large enough andb = r< 0. Thus, if r> , then the condition (C2) is
satis ed.
Remark 4.4 . We claim that
hl(T) T 1=
———=0( 'T : 4.27
e = O ) (4.27)
This is equivalent to
h.(T) T
= O(e :
h(m) ~ 0 )
We assume thatw; is a continuously di erentiable function satisfying
lim ST = g (4.28)
T Wr

whereais a constant suchthat 2 +2a> 0and2a > 0. Then, by L'Hospital's
rule, we have

hy(T)eT _w2e 2T el + hy(T)eT
WP - im .
Ti ha(T) Ti wie T
_ ha(T)
= 1 T w2e 2T
_ 20 2T
= 1+ lim ——s o 0o 2T
TiL wfe 2T ( 2)+2wrwre
2
= 1+ -8 : (4.29)

2@ ) 2 )
Two special cases: (i) Letw; = tP;p 0. Then,

0
Cowp o opTP
Tllllm Wt _'Il'I!rln TP =0
So,
. hy(T)e™ _
im O (4.30)
(ii) Let w; = €¥2;r> . Then,
0 rgT=2
im YT = jim 2 =L

T wr T @r=2 2
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So,

T
im hi(T)e' _r

T ho(T) 1 2 (4.31)
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