
Qualifying Exam in Algebra
Spring 2016

Answer each of the following questions clearly and concisely. All answers count.

1. Let G1 and G2 be finite groups and p be a prime integer.

(a) Show that the subgroup Q ≤ G1 × G2 is a Sylow p-subgroup if and only if
Q = P1 × P2 for some Sylow p-subgroups P1 ≤ G1 and P2 ≤ G2.

(b) Determine (with proof) the number of Sylow 2-subgroups of S3 × S4, where Sn
denotes the symmetric group on n letters.

2. Let G be a group and G′ = 〈xyx−1y−1 | x, y ∈ G〉 be the commutator subgroup of G.
(That is, G′ is the subgroup of G generated by all of the commutators xyx−1y−1).

(a) Show that, if H C G is a normal subgroup such that the quotient group G/H is
Abelian, then G′ ≤ H.

(b) Show that, if H ≤ G is a subgroup such that G′ ≤ H, then H C G is a normal
subgroup and the quotient group G/H is Abelian.

3. Let R be a Boolean ring. (That is, R is a ring with unit element such that r2 = r for
all r ∈ R.)

(a) Show that −r = r for all r ∈ R.
(b) Show that R is a commutative ring.

(c) Show that every prime ideal of R must be maximal.

4. Let R be a ring with unit element and θ : Z → R the canonical ring homomorphism
such that θ(1) = 1. Suppose that R contains exactly p2 elements for some prime
integer p.

(a) Show that, if θ is not surjective, then the image of θ is a field containing exactly
p elements.

(b) Show that R is a commutative ring.

5. Let α be a root of the polynomial f = X4 + 1 in the field C of complex numbers.

(a) Show that Q(α) is a splitting field for f over the field Q of rational numbers.
(b) Determine the Galois group of Q(α) over Q.
(c) Determine all intermediate fields between Q and Q(α), and identify the corre-

sponding subgroups of the Galois group.

6. Suppose that E is a finite extension field of the field F , and f ∈ F [X] is an irreducible
polynomial of prime degree p such that f is reducible in E[X]. Show that p divides
the degree [E : F ].
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Fall 2015

Answer each of the following questions clearly and concisely. All answers count.

1. Let G be a finite group and Z(G) its center, that is, Z(G) = {z ∈ G | zg = gz for all
g ∈ G}.

(a) Show that, if G/Z(G) is cyclic, then G is abelian.

(b) Show that, if G is a nonabelian p-group for some prime p, then |G| > p2.

2. Let σ = (1, 2, 3, 4, 5), a 5-cycle in the symmetric group S5.

(a) Determine the centralizer CS5(σ) of σ in S5, that is, CS5(σ) = {τ ∈ S5 | στ = τσ}.
(b) Show that there is a 5-cycle in S5 which is not conjugate to σ in the alternating

group A5.

3. Find three pairwise nonisomorphic rings with identity, each of cardinality 25, and show
that they are pairwise nonisomorphic.

4. Let R be a commutative ring with identity, and recall that an element r ∈ R is called
nilpotent if rn = 0 for some positive integer n.

(a) Show that the set of all nilpotent elements of R forms an ideal of R.

(b) Let f = a0 + a1X + . . . + amX
m be a polynomial in X with coeffi cients in R.

Show that f is nilpotent in the polynomial ring R[X] if and only if a0, a1, . . . , am
are all nilpotent in R.

5. Let f = X4 − 2 in Q[X], and let K be a splitting field of f over Q.

(a) Determine a generating set for K over Q, and the degree [K : Q].
(b) Show that the Galois group of K over Q is isomorphic to a dihedral group.

6. Let p be a prime and n a positive integer, and let Fpn denote a finite field of cardinality
pn.

(a) Show that the function ψ : Fpn → Fpn defined by ψ(a) = ap, is a field automor-
phism of Fpn , and that ψ(a) = a for every a ∈ Fp.

(b) Show that ψn is the identity automorphism of Fpn , but that, for every positive
integer k < n, ψk is not the identity automorphism of Fpn .
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There are five problems. All answers count.

Problem 1: (a) What is meant by the cycle type of a permutation in Sn?

Show that two permutations in Sn are conjugate if and only if they
have the same cycle type.

Prove that the normal subgroups of S3 are {e}, A3, S3.

(b) Treating the different cases of n ∈ N suitably, determine all homomor-
phisms from S3 to Cn (the cyclic group of order n).

Problem 2: Let p be a prime and G a group of order pn. Prove that any
nontrivial normal subgroup of G has a nontrivial intersection with the center
of G.

Problem 3: (a) Suppose G is a group in which the element g has finite
order m. For r an integer, state a formula for the order of gr and prove
it.

(b) Assume now that G is a nontrivial finite abelian p-group. Prove that
G is cyclic if and only if G has exactly p− 1 elements of order p.

Problem 4: (a) Let f(x) ∈ F [x] be a polynomial with coefficients in a
field F . Show that f(x) has a multiple root (in its splitting field) if
and only if the polynomial f(x) and its formal derivative f ′(x) have a
nontrivial common factor.

(b) Let f(x) be an irreducible polynomial f(x) over a field F . Show that
f(x) has a multiple root if and only if the characteristic of F is p > 0
and f(x) = g(xp) for some polynomial g(x).



Qualifying Exam in Algebra 2

(c) Is it possible for an irreducible polynomial over the field F2 of 2 elements
to have a multiple root? Give an example or show that this is not
possible.

Problem 5: Let f(x) = x4 − 3. Find the Galois group of f(x) over each of
the following fields.

(a) Q

(b) Q(i)
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There are six problems. All answers count.

Problem 1: (a) Let G be a finite group. Show that any two conjugacy
classes in G are either equal or disjoint. Prove that any normal sub-
group of G is a disjoint union of conjugacy classes.

(b) For G = S4, the symmetric group on 4 letters, find all normal sub-
groups.
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Problem 2: Let G be the symmetric group on p letters where p is a prime
number. Prove that if a subgroup H of G contains a p-cycle and a transpo-
sition, then H = G.
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Problem 3: Suppose R is a commutative ring, and I, J are ideals in R with
I ⊂ J .

(a) Show that J ′ = J/I is an ideal in R′ = R/I.

(b) Show that the rings R/J and R′/J ′ are isomorphic.

(c) Let k = F2 be the field of 2 elements.
Deduce that k[x, y]/(x2 + x+ 1, y3 + y + 1) is a field.
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Problem 4: Suppose p is a prime number. If f(x) is an irreducible poly-
nomial of degree p over Q having exactly two non-real roots, then show that
the Galois group of the splitting field of f(x) is the symmetric group Sp on
p letters.

Hint: You may use the result of Problem 2.
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Problem 5: Let ζ = e
2πi

8 be a primitive 8-th root of unity and letK = Q(ζ).
Determine the Galois group G = Gal(K,Q), and for each subgroup H ⊂ G,
determine the fixed field KH .

Hint: Decide if i ∈ K. Is
√
2 ∈ K?
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Problem 6: Let k be a field. A module M over the polynomial ring k[x] is
called nilpotent if xnM = 0 for some n ∈ N.

(a) Show that the k[x]-module k[x]/(xm) is a k-vector space of dimension
m.

(b) Show that every cyclic nilpotent k[x]-module is isomorphic to k[x]/(xm)
for some m ∈ N.

(c) Find all nilpotent k[x]-modules of k-dimension 5, up to isomorphy.



Algebra Qualifier Exam, January 21, 2014.

(1) Let G = 〈a〉 be a finite cyclic group of order n, written multiplicatively. For a positive integer
m, let ϕ : G→ G be the map defined by ϕ(x) = xm.
(a) Prove that ϕ is a homomorphism.
(b) Determine the order of the image of ϕ .
(c) Determine the order of the kernel of ϕ .
(d) Find necessary and sufficient conditions on m such that ϕ is an automorphism.

(2) Let G be a group of order p2q, where p and q are distinct prime numbers. Prove:
(a) G contains a proper normal subgroup.
(b) G is solvable.

(3) Let K denote the field extension Q(
√

2,
√

3) of the field Q of rational numbers.
(a) Show that K is normal over Q. In particular, specify a monic polynomial f ∈ Q[x] for

which K is the splitting field and determine the Galois group.
(b) Show that the intermediate fields Q(

√
2), Q(

√
3) are isomorphic as Q-vector spaces, but

not isomorphic as fields.
(4) Let k be a field and A a k-algebra such that the dimension of A as a k vector space is n. Let α

be an element of A. Prove the following.
(a) There exists a monic polynomial f ∈ k[x] satisfying

(i) f (α) = 0 and
(ii) if g ∈ k[x] and g(α) = 0, then f | g.

(b) Let f denote the polynomial of part (a). If the degree of f is n, then α generates A as a
k-algebra and A is commutative.

(5) Let f = x3− 1 and g = x6− 2x3 + 1 be polynomials in Q[x], where Q is the field of rational
numbers. Let R =Q[x]/( f ) and S =Q[x]/(g).
(a) Show that there is a surjective homomorphism of rings S→ R.
(b) Show that R is isomorphic to a direct product F1×F2 of two fields. You should carefully

describe the fields F1, F2, and the isomorphism.
(c) Determine rad(R) and rad(S).

(For any commutative ring A, rad(A), called the nil radical of A, is defined to be {a ∈ A |
an = 0 for some n≥ 1}.)

1
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(1) Show how to construct two nonisomorphic nonabelian groups of order 4 ·17 each
of which is a semidirect product of two cyclic groups.

(2) Let G be a finite group and p a prime. A theorem of Cauchy says that if p divides
the order of G, then G contains an element of order p. Prove this in two parts.
(a) Prove it when G is abelian.
(b) Use the class equation to prove it when G is nonabelian.

(3) Let k be a field and A a k-algebra which is finite dimensional as a k-vector space.
Let α be an element of A. Prove the following statements.
(a) There exists a monic polynomial f ∈ k[x] satisfying

(i) f (α) = 0 and
(ii) if g ∈ k[x] and g(α) = 0, then f | g.

(b) If f (x) denotes the polynomial of part (a), then α is invertible in A if and only
if f (0) 6= 0.

(4) Let f = (2x2− 4x+ 1)(x4 + 1). Find a splitting field and determine the Galois
group of f over each of the following fields:
(a) Q
(b) Q(

√
2)

(c) Q(i)
(d) Q(ζ ), where ζ = e2πi/8 is a primitive eighth root of 1 in C
(e) R

(5) For each of the following, either exhibit an example (with proof) of such a ring,
or prove that no such ring exists. By assumption, a ring always contains a unit
element.
(a) A field with 16 elements.
(b) A commutative ring with 16 elements which is not a field and which has no

nonzero nilpotent elements.
(c) A commutative ring with 16 elements which is not a field and which has no

nontrivial idempotents.
(d) A commutative ring with 16 elements which is not a field and which has no

nonzero zero divisor.
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Instructions: Do the following six problems. When using a theorem be sure to explicitly state
the theorem, then apply. Include definitions of terms when needed.

1. Let p < q be distinct primes. Classify the groups of order pq. [Hint: consider two cases: when
p|q − 1 and otherwise.]

2. (a) State and prove the Class Equation for finite groups.
(b) Suppose G is a group of order pn (n ≥ 1). Prove that the center of G is non-trivial.

3. Let n ≥ 2 and Zn denote the finite cyclic group of order n. Prove that Aut(Zn) is isomorphic
to the group of multiplicative units of Zn.

4. Let F ≤ K be an extension of fields and let u ∈ K. State what it means for u to be algebraic
over F and define [F (u) : F ]. Prove that if [F (u) : F ] is odd, then F (u2) = F (u).

5. State and prove the Chinese Remainder Theorem for commutative rings with identity.

6. (a) Find a splitting field for the polynomial f(x) = x4 − 2 over Q and its degree.

(b) Determine the Galois group of f over Q.
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Qualifying Examination Algebra

Instructions: Do the following six problems. When using a theorem be sure to explicitly state the
theorem, then apply.

1. State and prove Lagrange’s Theorem.

2. Classify all groups (up to isomorphism) of order 28. [Hint: recognize such a group as a
semi-direct product.]

3. (a) State Sylow’s First Theorem.

(b) Prove that if G is a group of order 231 = 3·7·11, then there is a unique Sylow 7-subgroup
of G.

(c) Prove that if G is a group of order 231, then there is a unique Sylow 11-subgroup of G
which is contained in Z(G).

4. (a) Suppose R is a principal ideal domain. Define an irreducible element of R and prove
that a ∈ R is irreducible if and only if aR is a maximal ideal of R.

(b) Construct a field of 343 = 73 elements. Make sure to explain the results you are using.

5. Suppose F ≤ K ≤ L is a tower of fields. Define what the symbol [K : F ] means and prove
that

[L : F ] = [L : K][K : F ]

You may assume that both [L : K], [K : F ] <∞.

6. Let E = Q(
√

2 +
√

2). Find the minimal polynomial for α =
√

2 +
√

2 over Q; explain why
the polynomial is minimal. Determine Gal(E|Q) and construct the lattice of subfields E.
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There are six problems. All answers count.

Problem 1: (a) List all groups of order four and of order six, up to iso-
morphism.

(b) For each pair (A,B) where A is a group of order four, and B a group
of order six, find the number of group homomorphisms from A to B.

1 2 3 4 5 6 Sum
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Problem 2: Suppose f : G → H is a homomorphism of groups which is
onto and which has kernel K.

(a) Show that f induces a one-to-one correspondence between the sub-
groups of G which contain K and the subgroups of H.

(b) Show that under this correspondence, normal subgroups correspond to
normal subgroups.

(c) Suppose N is a normal subgroup of G containing K and M = f(N).
Show that f induces an isomorphism

f̄ : G/N → H/M.
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Problem 3: Let G be a finite group and P a p-Sylow subgroup. For a
subgroup H of G write

N(H) = {g ∈ G : gHg−1 = H}.

(a) Show that P is the only p-Sylow subgroup of N(P ).

(b) If an element g ∈ N(P ) satisfies gp
m

= e for some m, show that g ∈ P .

(c) Show that N(N(P )) = N(P ).
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Problem 4: (a) Find an irreducible polynomial of degree 6 over the field F2

of two elements.

(b) Construct a field of 64 elements.
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Problem 5: (a) State the Fundamental Theorem of Galois Theory.

(b) Find the Galois group and illustrate the Galois correspondence in the
example of the splitting field of the polynomial

x3 − 5

over the rational numbers.
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Problem 6: (a) Show that the multiplicative group of any finite field is
cyclic.

(Hint: You may want to show first that a finite abelian group G is
cyclic if for each n the relation xn = e has at most n solutions.)

(b) Deduce that the equation

x2 ≡ −1 mod p

has a solution in the integers if and only if the odd prime number p
satisfies p ≡ 1 mod 4.



1. If a is a nonzero element of a �eld, we let ord a denote the order of a
in the multiplicative group of nonzero elements of that �eld.

(a) Let f be an irreducible polynomial over a �eld F . Show that if a
and b are roots of f in extension �elds of F , then ord a = ord b.

(b) De�ne the order of an irreducible polynomial f over F to be ord a
where a is root of f in some extension �eld of F . Assuming that
the polynomials x7+ x+1 and x9+ x+1 are irreducible over the
two-element �eld F , �nd their orders.

2. Let n be a positive integer and F a �eld of characteristic 0. Let G
the Galois group of xn� 1 over F and Z�n the (multiplicative) group of
units of the ring of integers modulo n. Show that G is isomorphic to a
subgroup of Z�n.

3. A commutative ring R is said to be local if, for each r 2 R, either r or
1� r has a multiplicative inverse.

(a) Show that the ring Zn is local if n is a power of a prime number.

(b) Show that if R is local, and n is the smallest positive integer such
that n � 1 = 0 in R, then n is a power of a prime number.

4. Show that any group of order 280 has a normal Sylow subgroup.

5. Find a Sylow 2-subgroup of S5. How many Sylow 2-subgroups does S5
have?

6. Show that Z
�
i
p
3
�
is not a unique factorization domain. Find an ideal

in Z
�
i
p
3
�
that is not principal

Graduate Qualifying Examination Algebra January 7, 2011



1. Let F be a �eld and F [X] the ring of polynomials with coe¢ cients in
F .

(a) De�ne what it means for a polynomial in F [X] to be irreducible.

(b) De�ne what it means for two polynomials in F [X] to be relatively
prime.

(c) Let K be an arbitrary extension �eld of F .

i. Prove or disprove: if a polynomial is irreducible in F [X], then
it is irreducible in K [X].

ii. Prove or disprove: if two polynomials are relatively prime in
F [X], then they are relatively prime in K [X].

2. Let K be a �eld, G a �nite group of automorphisms of K, and F the
�xed �eld of G.

(a) Show that K is a separable algebraic extension of F .

(b) Show that K is a �nite-dimensional extension of F of dimension
equal to the order of G.

(c) Show that K is the splitting �eld of a separable polynomial with
coe¢ cients in F .

3. Show that if A is a �nite abelian group of order n, and m is a positive
integer dividing n, then A has a subgroup of order m. Show that S5
does not have a subgroup of order 15.

4. Let p be a prime and G a group of order pn. Prove that a nontrivial
normal subgroup of G has a nontrivial intersection with the center of
G.

5. Let R be a commutative ring. Show that the polynomial ring R [X] is
a principal ideal domain if and only if R is a �eld.

6. Let f be the minimal polynomial of a square matrix A with entries in
a �eld. Show that A is invertible if and only if f (0) 6= 0.

Graduate Qualifying Examination    Algebra
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Graduate Qualifying Examination
Segment II / Algebra

August 18, 2009

Instructions

1. There are 2 parts to this exam.

2. Answer 6 of the questions. Your selection should contain 3 questions from each
part. Note that some questions have several components.

3. Indicate clearly which questions you wish to be marked. If you do not do so, the
first 3 solutions which you submit from each part will be graded.

4. All answers and proofs should be clearly written. Presentation is as important as
the correctness of your results.

5. You have three hours to complete the exam. Good Luck!
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PART I - Groups

Question 1

(a) Suppose that an element a of a group G has order mn , where gcd (m,n) = 1.
Prove that a = bc, where b, c ∈ G have orders m and n respectively, and
b c = c b.

(b) Let G be a group and a, b ∈ G. Prove that the elements abb, bab, and bba
all have the same order.

Question 2

If G is a group of order 231, prove that its 11-Sylow subgroup is in the center of G.

Question 3

Suppose that a finite group G admits an automorphism σ of order 2 such that σ fixes
only the identity of G. Prove that G is abelian.

Question 4

(a) Define the normalizer NG(H), where G is a group and H a subgroup of G.

(b) Suppose that H is a proper subgroup of a finite group G. Prove that⋃
g∈G

g−1Hg 6= G

Question 5

Suppose that P is a p-Sylow subgroup of a finite group G, and that S is a subgroup
of G such that NG(P ) ≤ S. Prove that S is self-normalizing , i.e. that NG(S) = S.

2



PART II - Rings & Fields

Question 6

Show that Z[
√
−5 ] is not a unique factorization domain.

Question 7

Let R be a commutative ring, and recall that a ∈ R is called nilpotent if an = 0 for
some natural number n.

(a) Show that if a, b ∈ R are both nilpotent, then a+ b is also nilpotent.

(b) Show that the polynomial a0 + a1x+ · · ·+ atx
t is nilpotent in R[x] if and only if

each of a0, a1, . . . , at is nilpotent in R.

Question 8

Consider the polynomial f = x3 − 2 in Q[x].

(a) Determine the splitting field K of f over Q.

(b) Determine the Galois group G of f over Q.

(c) Determine the intermediate fields between Q and K, and the corresponding sub-
groups of G.

Question 9

Suppose that K is a field extension of F . Prove that if a, b in K are algebraic over
F , then a+ b is also algebraic over F .

Question 10

Show that if K and L are subfields of a finite field F so that K is isomorphic to L,
then K = L.

3



Algebra Qualifier Exam January, 2009

In the following, Q denotes the field of rational numbers and p always denotes a prime
number.

(1) Let α an element of finite order in a group G. If b is an integer, state a formula for
the order of αb and prove that your formula is correct.

(2) If p is odd, prove the following.
(a) If G is a group of order (p−1)p2, then G has a unique p-Sylow subgroup.
(b) There are at least four groups of order (p− 1)p2 which are pairwise non-

isomorphic.
(3) Let R be a ring and M an R-module with submodules A and B. Show that the set

D = {(x + A,x + B)|x ∈M}.
is a submodule of M/A⊕M/B and that the quotient (M/A⊕M/B)/D is isomor-
phic to M/(A + B).

(4) Consider the polynomial f = x4 + p2 in Q[x]. Determine the following.
(a) The splitting field of f over Q. Call this field K.
(b) The Galois group of f over Q.
(c) The lattice of intermediate fields of K/Q. Determine which intermediate

fields are normal over Q.
(5) Let k be a field, x an indeterminate, and f , g, h monic quadratic polynomials in

k[x]. Assume f has two distinct roots in k, g has exactly one root in k, and h is
irreducible. Prove the following statements.
(a) There is an isomorphism of rings k[x]/( f ) ∼= k⊕ k.
(b) There is an isomorphism of rings k[x]/(g) ∼= k[x]/(x2).
(c) The rings k[x]/( f ), k[x]/(g), and k[x]/(h) are pairwise non-isomorphic.

(6) Let k be a field and A a k-algebra such that dimk(A) = 2. Prove the following.
(a) A contains a primitive element. That is, there exists an element α in A such

that α generates A as a k-algebra.
(b) A is commutative.



Algebra Qualifier Exam August, 2008

In the following, Q denotes the field of rational numbers and p always denotes a prime
number.

(1) Let G be a finite group. Prove the following statement. If p divides the order of G,
then G contains an element of order p.

(2) Let k be a field and A a k-algebra which is finite dimensional as a k-vector space.
Let α be an element of A. Prove the following statements.
(a) The minimum polynomial of α over k exists and is unique up to associates.
(b) The element α is invertible in A if and only if 0 is not a root of the minimum

polynomial.
(3) Let f = x4−5. Find the Galois group of f over each of the following fields.

(a) Q,
(b) Q(

√
5),

(c) Q(i),
(d) Q(i

√
5).

(4) Let f = (x4 + x3 + 1)(x6 + 18x3−36x + 12). Prove that there is an isomorphism
of rings φ : Q[x]/( f )→ F1⊕F2, where F1 and F2 are fields. You should explicitly
describe the fields F1, F2, and the map φ .

(5) Say G is a finite abelian p-group. Prove that G is cyclic if and only if G has exactly
p−1 elements of order p.

(6) Suppose k is a field and f is a monic polynomial in k[x] of degree n. Prove that
there exists an n-by-n matrix M over k such that the minimum polynomial of M is
equal to f .

(7) Suppose F/k is an extension of fields, n is a positive integer, and M is an n-by-n
matrix over k. Prove that the rank of M when viewed as a matrix over k is equal to
the rank of M when viewed as a matrix over F .
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Qualifying Examv4

There are eight problems. All answers count.

1. Let G be a group.
(a) Define the commutator subgroup G′ of G.
(b) Show that G′ is the smallest normal subgroup of G such

that G/G′ is abelian.

1 2 3 4 5 6 7 8 Sum



2. Recall that D10 is the dihedral group of 10 elements.
(a) Determine all 2-Sylow and all 5-Sylow subgroups of D10.
(b) Use this information to find all group homomorphisms D10 →

D10 which are not automorphisms.



3.(a) Give the definition of a Euclidean ring.
(b) Let R be a Euclidean ring with norm∗ d. Show that a ∈ R is a

unit if and only if d(a) = d(1).
—
* some authors call d the “degree” or “function” or “valuation”



4.(a) Determine all abelian groups, up to isomorphism, of order

24
· 5.

(b) For each of the groups G in (a): Write G as a product of cyclic
subgroups in such a way that the number of factors is minimal.



5.(a) Show that the polynomial

f(x) = x4 + x3 + x2 + x + 1

is irreducible over F2.
(b) Let ω = x̄ be the class of x in K = F2[x]/(f). Show that ω is

a primitive 5-th root of unity in K.
(c) Find the other primitive 5-th roots of unity in K.
(d) Show that the primitive 5-th roots of unity form a basis of K

over F2.



6.(a) Let g be a polynomial with coefficients in the field F . Give the
definition of a splitting field for g over F .

(b) Show that K = F2[ω] in Problem 5 is a splitting field for f over
F2.

(c) Suppose that ω1, . . . ,ωs are all the primitive 5-th roots of unity
in K. Show that any automorphism of K takes ω to some ωi.

(d) How many automorphisms are there for K? Describe the struc-
ture of the Galois group G(K, F2).

(e) Use the fundamental theorem of Galois theory to describe the
subfields of K that contain F2.

(f) For each proper subfield in (e), specify a basis over F2.



7.(a) Give the definition of similarity of two n × n-matrices.
(b) Let K be a field of characteristic different from 2. For each

of the following two matrices with coefficients in K, specify a
similar matrix in Jordan canonical form.

A =

(

1 1
1 1

)

B =

(

0 2
0 0

)

(c) What happens in (b) if the field K is of characteristic 2?



8. For a prime number p and natural numbers m and n write
q = pm and r = pn. Let K and L be a finite fields of q and r
elements, respectively.
(a) Show that every a ∈ K is a root of the polynomial xq

− x.
(b) Show that if m divides n then K is a subfield of L. Hint:

Consider the automorphism of L given by b %→ bq.
(c) Show that if K is a subfield of L then m divides n.
(d) Conclude that if m divides n then pm

− 1 divides pn
− 1.



Algebra Qualifying Exam Fall 2007

Name:

There are eight problems. All answers count.

1. True or false? Give a proof or a counterexample!
(a) Every group of prime order is abelian.
(b) Every group of order p2 where p is a prime is abelian.

Hint: You may want to use the result that the center of a
finite p-group is non-trivial.

(c) Every group of order p3 is abelian.

1 2 3 4 5 6 7 8 Sum



2. Let G be a group of order 70.
(a) How many 5-Sylow and how many 7-Sylow subgroups are

there in G?
(b) Deduce that every 5-Sylow and every 7-Sylow subgroup is

normal in G.
(c) Show that G has a normal subgroup of order 35.
(d) Find at least 4 pairwise non-isomorphic groups of order 70.



3. Which of the following results is true? In each case, explain!
(a) C[x, y] is an integral domain.
(b) C[x, y] is a Euclidean domain.
(c) C[x, y] is a principal ideal domain.
(d) C[x, y] is a UFD.



4.(a) Show how to get all abelian groups, up to isomorphism, of order

23 · 32 · 5.

(b) For each of the groups G in (a): Write G as a product of cyclic
groups in such a way that the number of factors is minimal.



5. Define the degree [L : F ] of a field extension L of F . If L is a
finite extension of F , and K is a finite extension of L, show that
K is a finite extension of F and the following formula holds:

[K : F ] = [K : L] · [L : F ]



6.(a) When is a complex number ω called a primitive n-th root of
unity? How many primitive 5-th roots of unity are there?

(b) If ω is a primitve 5-th root of unity, show that Q[ω] is the
splitting field of the polynomial x5 − 1 over Q. (Hence, Q[ω] is
a normal extension of Q.)

(c) Suppose that ω1, . . . ,ωs are all the primitive 5-th roots of unity.
Show that any automorphism of Q[ω] takes ω to some ωi.

(d) How many automorphisms are there for Q[ω]? Describe the
structure of the Galois group G(Q[ω], Q).

(e) Use the fundamental theorem of Galois theory to describe the
set of subfields of Q[ω] which contain Q.

(f) Deduce that the regular pentagon can be constructed by straight-
edge and compass.



7.(a) When are two square matrices A and B of the same size said
to be similar?

(b) Show that the matrix N is similar to its transpose N t:

N =





0
1 0 · · · 0

0 1 0
...

...
. . . . . .

0 · · · . . . 0
1 0





N t =





0 1 0
0 1 · · · 0

0
. . .

...
...

. . . . . .
0 · · · 0 1

0





(c) Deduce that every Jordan block N + λ · 1 (where 1 is the iden-
tity matrix of the same size as N and λ ∈ C) is similar to its
transpose.

(d) Deduce that every square matrix with coefficients in the com-
plex numbers is similar to its transpose.



8. Suppose that K is a finite field of q elements.
(a) Show that q = pm for some prime number p and some

integer m.
(b) Prove the following statement: Every a ∈ K is a root of

the polynomial f(x) = xq − x.
(c) Deduce from (b) that K is a splitting field over Fp for f(x)

and conclude that all fields of q elements are isomorphic.
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